ON HOMOTOPY GROUPS OF THE SUSPENDED CLASSIFYING 

SPACES 



ROMAN MIKHAILOV AND JIE WU 

Abstract. In this paper, we determine the homotopy groups n4{T,K{A, 1)) and Tr5{'SK{A, 1)) 
for abelian groups A by using different facts and methods from group theory and ho- 
motopy theory: derived functors, the Carlsson simpHcial construction, the Baues-Goerss 
spectral sequence, homotopy decompositions and the methods of algebraic K-theory. As 
the applications, we also determine '!Ti(T:K{G,l)) with i — 4,5 for some non-abelian 
groups G — T,3 and SL(Z), and 'K4{T,K{A4, 1)) for the 4-th alternating group A4. 



1. Introduction 

It is well-known that the suspension functor applied to a topological space shifts ho- 
mology groups, but "chaotically" changes homotopy groups. For example, one can take 
a circle S^, whose homotopy type is very simple. Its suspension = S'^ has obvious 
homology groups, however the problem of investigating the homotopy groups of 5^ is one 
of the deepest problems of algebraic topology. Consider the following functors from the 
category of groups to the category of abelian groups: 

7r„(S™is:(-, 1)) : Gr ^ Ab, n > 1, m > 1 

defined hj A 7r„(S™_ft'(A, 1)), where is the m-fold suspension. It is clear that 
7r„(S™K(Z, 1)) = 7r„(S'™+^), that is the homotopy groups of spheres appear as the simplest 
case of a general theory of homotopy groups of suspensions of classifying spaces. 

For the case m = 1,2 and n = 3, 4 there is the following natural commutative diagram 
with exact rows [^: 

7r3(SfC(G,l)) G®G [G,G] 1 (1.1) 



7r4(S2ir(G, 1)) G^G [G,G] 1 



H^iG) GAG [G,G] 1 
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where G <S)G is the non-abelian square of G in the sense of Brown-Loday |6|, G®G (resp. 
GAG) is the quotient of G^G by the normal subgroup generated by elements g®h + h®g 
(resp. g®g, g E G). In particular, for an abelian group A, there are natural isomorphisms 

7i3{EK{A,l)) ~ A® A 

TT^i^'^KiA, 1)) ^ TT^K{A, 1) ~ A^A. 

The purpose of this article is to determine the homotopy groups '7i4^{T,K{A, 1)) and 
7i5{T,K{A, 1)) for abelian groups A. In order to investigate the structure of these homotopy 
groups, we use different facts and methods of group theory and homotopy theory: derived 
functors, the Carlsson simplicial construction, the Baues-Goerss spectral sequence [4], 
homotopy decompositions and the methods of algebraic K-theory. The combination of 
these different methods provides an effective way for determining these homotopy groups. 
As reader will see, some our computations use commutator tricks in simplicial groups. 

The homotopy group H4{T,K{A, 1)) as a functor on A can be given as follows: 

Theorem 1.1 (Theorem 13. II) . Let A be any abelian group. Then there is a natural short 
exact sequence 

{A\A) ® A'f^ © A ® A ® Z/2 c — . 7T^{EK{A, 1)) — Tor(A, A). 

Moreover (A^(A) ® A)®^ is an (unnatural) summand of 7:^(11 K {A, 1)). 

An interesting point of this theorem is that the functor 7r4(SK(A, 1)) has Tor(A, A) as 
a natural quotient. For determining the structure of the group Tii{TjK{A, 1)), one has to 
solve the group extension problem in Theorem II. 1[ For finitely generated abelian groups 
A, we are able to solve this problem. Given a finitely generated abelian group A, let 

A = Al® Apr 

r > 1 
p is a prime 

be the primary decomposition of A, where Ai is torsion free and Apr is a free Z/p^'-module. 

Theorem 1.2 (Theorem 13.21) . Let A be any finitely generated abelian group. Let A = 
A2®B with B = Ai® 0pr-_^2 ^p'' • Then 

Tr^{EK{A,l)) = i(A2® A2)©(A2®5)®2©5®2®Z/2©(A®A2(A))®2 
©Tor(A2,5)®2©Tor(5,5), 

where ^(^2 ® A2) is a free Z/A-module with rank of dimz/2{A2 © A2). 

One point of this theorem is that the (maximal) elementary 2-group summand A2 of A 
plays a key role in the group extension problem. Roughly speaking A2 © A2 is half down 
in the group n^iTiK^A, 1)). 

As the applications of Theorems II . II and II .21 we are able to compute 7r4(M(Z/2'', 2)) and 
their connections with n4^(T,K{Z/2^ , 1)). As the direct consequences, the homotopy groups 
7r4(S]RP") and tt^^T^K^T.^, 1)) are determined. (See subsection 3.2 for the computations 
of these homotopy groups.) 

For the homotopy group n^{T,K{A, 1)), as a functor, it can be described by two exact 
sequences given in diagram (|4.ip . Unfortunately it seems too complicated to produce a 
canonical functorial short exact sequence description for the functor 7i5(T,K{A,l)) from 
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diagram (14.11) . For any finitely generated abelian group A, we determine 'K5{T,K{A, 1)) in 
an un-functorial way by the following steps: 

1) From the Hopf fibration, 7i5{EK{A, 1)) = 7r5(Sir(A, 1) A K{A, 1)); 

2) Take a primary decomposition of A and write K{A, 1) as a product of copies of 

= K{Z,1) and 

3) By using the fact that 

EX X y ^ EX V sy V EX A r, 

write TiK{A, 1) A K{A, 1) as a wedge of the spaces in the form 

X = j:"'k{z/pI\ 1) A k{z/pI\ i) a • • ■ a k{z/pI\ i) 

with m + t >3 and m > 1; 

4) By applying the Hilton-Milnor Theorem, 'k^(T,K{A,1)) becomes a summation of 
7r5(X) for some X in the above form. 

For the spaces X in the above form, it is contractible if pi ^ pj for some i j and ir^^X) 
can be determined in Proposition 4.2 for an odd prime p. The only difficult part is to 
compute 7T^{X) for X given in the form 

X = TrK{Z/T'\ 1) A ■ ■ ■ A K{Z/r\ 1) 

with m + t > 3 and m > 1. Our computations are then given case- by-case (Proposi- 
tions H^HISI and Theorems 14. Itl474l ) . in which different methods are involved. An instruc- 
tional example is as follows: 

Let A = Z © Z/2. According to 1), ti^(J:K{A, 1)) = tx^{J:K{A, 1) A K{A, 1)). As in 3), 

i:k{a,i) ^ K{A,l) ~ x MP°°) a (5^ x MP°°) 

~ S(5WMP°° V SMP°°) A (5WMP°° V SRP°°) 

2 2 

= ^3 V V S2RP°° V V S^MP°° V SRP°° A MP°°V 

2 

V V S^MP°° A MP°° V S^MP"^ A MP°°. 

By applying the Hilton-Milnor Theorem as in 4), 'k^{11K{A, 1) A K{A, 1)) is a summation 
of 

7^5(5^), 7r5(S2MP°°), 7r5(SRP°° A MP°°), 7r5(S(MP°°)^3), • • • 
with multiplicities. From Theorem 14.41 we have 

7r5(S2MP°°) = Z/8 
and by Proposition 14.61 and Theorem 14. 11 we have 

7r5(SMP°^ A MP°°) = 7r5(S(RP°°)^3) = Z/2®^. 

The group ti:^{J1K{Z © Z/2)) will be determined by filling all possible summands with 
multiplicities. 

As the applications of our computations on n^iTiK^A,!))^ we are able to determine 
7r5(SMP") (Proposition USD and n^iJlKiJl-i,!)) (Proposition SSI). 

In section 2 we recall certain facts from the homotopy theory, such as the Whitehead 
exact sequence, the Carlsson simplicial construction and describe a spectral sequence 
(12. 9p . which converges to Ti^iYT^K^A^l)) for any abelian group A, with ii^^-terms are 
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given by the derived functors of certain polynomial functors. We illustrate how it works 
in Theorem 4.4 for computing 

^^{T?K{'L/2% 1)) = ^/^r+i ff r > L 

The interesting point is of course how Z/8 shows up in the case r = 1 while it becomes 
Z/2'"+^ © Z/2 for r > 1. The proof is also based on the computations of the derived 

~ 2 

functors of the antisymmetric square ® . 

There is a natural relation between the problem considered and algebraic K-theory. 
Since the plus-construction K{G, 1) — ^ K{G, l)"*" is a homological equivalence, there is a 
natural weak homotopy equivalence 

j:k{g,i) j:{k{g, i)+) 

This defines the natural suspension map: 

7rn{K{G, 1)+) ^ 7r„+i(S(ir(G, 1)+)) = 7r„+i(Sir(G, 1)) 

for n > 1. This map was studied in [3j in the case of a perfect group G. We consider 
the case G = E{R), i.e. the group of elementary matrices over a ring R. In this case the 
natural map 

K^iR) = 7r3{K{E{R), 1)+) ^ -K.iJ^KiEiR), 1)) 

is an isomorphism (Theorem 5.1). The natural relation to K-theory gives a way how to 
compute homotopy groups HilJ^K^E^R), 1)) for i = 4, 5 for some rings. For example, the 
case G = SL{Z) is considered. As an application of our methods, we also determine that 
7i4{T,K{A4, 1)) = Z/4 for the 4-th alternating group ^4. 

The article is organized as follows. We give a brief review for the quadratic functors 
and the simplicial resolutions in Section 2. The determination of 7i4(T,K{A,l)) is given 
in section 3, where the proofs of Theorems 11.11 and 11.21 are also given. In section 4, we 
give case-by-case computations for n^iJ^K^A, 1)). In Section 5, we give some relations to 
X-theory. 

2. The Quadratic Functors and the Simplicial Resolutions 

2.1. Whitehead Quadratic Functor. In [HI Chapter II], J. H. C Whitehead introduce 
the universal quadratic functor T2 from abelian groups to abelian groups as follows: Let 
A be any abelian group. Then T2{A) is the group generated by the symbols 7(x), one for 
each X & A, subject to the defining relations 

(1) = 7(3;); 

(2) 7(x + y + z) - 7(x + y) - 7(2/ + z) - 7(0; + z) + 7(x) + 7(2/) + 7(z) = 0. 

Note. According to [19, p. 61], the group T2{A) is abelian and so the multiplication in 
T2{A) is denoted by +. Define 

7(0;, y) = 7(x + y)- 7(2;) - i{y). 

The following proposition helps for determining the group r2{A). 

Proposition 2.1. [HI Theorem 5] Let A be an abelian group with a basis {oi \ i & 1} for 

a well-ordered index set I, and the defining relations {b\ = 0}. Then the group T2{A) is 
combinatorial defined by the set of symbolic generators ^[ai) , i E I, and 'y{ai,aj), i,j G / 
with i < j with defining relations 7(6a) = and 7(ai, 6a) = 0. 



ON HOMOTOPY GROUPS OF THE SUSPENDED CLASSIFYING SPACES 



5 



Example 2.1. We list some examples of the group T2{A). The first two examples are 
direct consequences of the above proposition. 

(1) Let A be a free abelian group with a basis {aj | i G /} for a well-ordered index set 
/. Then T2{A) i s the free abelian group with a basis given by 7(04), i E I, and 
7(ai,aj), i,j e I with i < j. 

(2) If A is a cyclic group of finite order m generated by ai, then T2{A) is cyclic of 
order m or 2m, according as m is odd or even, generated by 7(01). 

(3) Let A = Ai for a well-ordered index set /. Then [HI Theorem 7] 

r2(^) = 0r2(A,)© A^A^. 

i < j 

(4) For a general abelian group A, there is a short exact sequence [lOl formula (13.8), 
p.93] 

A^A T2iA) — A Z/2, 
where t{a ®b)= 7(0, b) = 7(0 + 6) — 7(a) — 7(&). □ 

2.2. Lower Homology of K{A, 2). The homology of Eilenberg-MacLane spaces K{A, n) 
has been studied in the classical reference [10] and other papers. See also [5] for the 
functorial description of homology groups of K{A, 2) in all dimensions. 

Lemma 2.1. [TOl Theorems 20.5 and 21.1] Let A be any abelian group. Then 

(1) H2{KiA,2)) = A; 

(2) H,{K{A,2)) = 0; 

(3) H,{K{A,2)) = r2{A). □ 

The homology H^i^K^A, 2)) becomes a special functor on A. Let R2{A) = H^{K{A, 2)). 
The group R2{A) for finitely generated abelian group A can be computed as follows [TOl 
Section 22]: 

1) If A is a cyclic group of order infinite or odd, then R2{A) = 0; 

2) lfA = Z/2''Z with r > 1, then R2{A) = Z/2. 

3) LetA = Ai®A2. Then /^(A, 2) ~ /^(Ai, 2) xK(A2, 2). By using Kiinneth theorem 
together with the fact that Hi{K{A,2)) = H3{K{A,2)) = from Lemma EH we 
have 

H^iKiA, 2)) = H,{K{A,, 2)) © H,{K{A2, 2)) © Tot{H2{K{A^, 2)), H2{K{A2, 2))). 
Thus 

R2{Ai © A2) = R2{Ai) © i?2(^2) © Tor(Ai, A2). (2.1) 

Recall the definition of the derived functors in the sense of Dold-Puppe [9]. Let F 
be an endofunctor in the category of abelian groups and A an abelian group. Take a 
projective resolution A. Let be the inverse map to the normalization map due 

to Dold-Kan. Then iV~^P* is a free simplicial resolution of A. Then, the i-th derived 
functor of F applied to the abelian group A, is defined as follows: 

LiFiA) = 7Ti{F{N-^P,)), % > 0. 
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It is a well-known fact that this definition does not depend on a choice of a projective 
resolution. In these notations, one has a natural isomorphism: 

R2{A) = L.r^iA). 

2.3. Whitehead exact sequence. Let X be a (r — l)-connected CVT-complex, r > 2. 
There is the following long exact sequence of abelian groups ^19], Theorem 1]: 

> if„+i(x) ^ r„(x) ^ 7r„(x) h H^{x) ^ r„_i(x) ^ . . . , (2.2) 

where r„(X) = Im(7r„(sk„_i(X)) 7r„(sk„(X))) (here skj(X) is the i-th skeleton of X), 
hn is the nth Hurewicz homomorphism. 

The Hurewicz theorem is equivalent to the statement Ti{X) = 0, i < r. J. H. C. 
Whitehead computed the term Vr+i{X): In the following theorem, assertion (1) was 
given in [HJ Theorem 14] and assertion (2) was given the earlier paper [18]. According 
to the remarks in the end of [19], Section 14], assertion (2) has been discussed by G. W. 
Whitehead [20] as well. 

Theorem 2.1. Let X be a {r — l)-connected CW -complex with r > 2. Then 

(1) Ifr = 2, then T^iX) ^ T^iMX)). 

(2) Ifr>2, then r^+i(X) = 7r,,(X) ® Z/2. □ 

The isomorphism r2(7r2(X)) r3(X) is constructed as follows: Let r/: —>■ he the 
Hopf map and let x G 7r2(X) be written as the the composite 

52 31,2 (X) ^ sk3(X). 

Then the composite 

defines an element ri*{x) G r3(X). According to [191 Section 13], the mapping 

r7i:r2(7r2(X))^r3(X), 7(x) ^ (2.3) 

is a well-defined isomorphism of groups. The construction of the isomorphism nr{X) ® 
Z/2 Tr+i{X) in assertion (2) is similar. 

Recall the description of the functors rr+2(X) due to H.-J. Baues [2]. Consider the 
third super-Lie functor 

£3 : Ab ^ Ab 

defined as 

i^liA) = im{A (g)A(g)A^A(g)A(g)A} 

where 

/(a (8> 6 ® c) = {a, 6, c} := a (g) 6 (g) c + 6 ® a (8> c — c ® a (8) 6 — c ® 6 a, a,b,c E A. 

Observe that ^^(A) = ker{A (g) A^(A) A^{A)}, where A* (A) is the ith exterior power 
of A and the map r is given as 

r{a ®h/\c) = a/\h/\c, a,b,c e A. 

Let the complex X be simply connected. Given an abelian group A, define the map 

q : T2{A) ® A ^ Ll{A) © T2{A) ® Z/2 

by setting 

g(72(a) (E)b) = -{6, a, a} + (72(0 + 6) - 72(a) - 72(6)) ® 1, a,b e A. 
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Define the group F^X = r2(r2(7r2X) n-sX) as the pushout: 

r2(7r2(X))® (7r2(X)©Z/2) — £3^7r2(X)) © r2(7r2(X)) ® Z/2 (2.4) 

7r3(X)©(7r2(X)©Z/2) ^(X) 

Theorem 2.2. [21 Theorem 3.1] Let X be a {r — 1)- connected CW- complexes withr > 2. 

1) If r = 2, then there is a natural short exact sequence 

^ rlix) ^ r4(x) ^ R2{7C2{x)) ^ o. 

2) If r = 3, then there is a natural exact sequence 

^ 7r4(X) © Z/2 © A'(7r3(X)) ^ r5(X) ^ Tor(7r3(X), Z/2) ^ 0. 

3) If r > 4, i/iere is a natural exact sequence 

^ 7r,.+i(X) © Z/2 ^ r^+2(X) ^ Tor(7r,,(X), Z/2) ^ 0. 

□ 

Let y4 be an abelian group. Consider the Hurewicz homomorphism 

K: n,{J:K{A,l)) ^ H,{J:K{A,1)) = H,^^{K{A,1)) = H,_i{A). 
Since H^,{K{A, 1)) is graded commutative ring, the inclusion 

A = Hi{K{A, 1)) H,{K{A, 1)) 
induces a ring homomorphism 

A: A{A) H,{K{A,1)). 
By [ini Theorem 19.3], A is a monomorphism and so we may consider A^i^A) C Hn{K{A, 1)) = 

Hn{A). 

Lemma 2.2. For every abelian group A, the Hurewicz image 

Im(/i„+i: 7r„+i(Sir(A, 1)) ^ HM)) 
contains the subgroup A" (A). 

Proof. From the naturality, it suffices to show that the statement holds for a free abelian 
group A. 

When y4 is a free abelian group, then K{A^ 1) is a (weak) Cartesian product of the 
circles. Thus 'LK^A, 1) is a wedge of spheres from the suspension splitting that 

SX X r ~ SX V SF V SX A F 

and so the Hurewicz homomorphism induces an epimorphism 

K ■■ 7r„+i(Sir(A, 1)) Hn{A) = A"(A) 

for a free abelian group A. This finishes the proof. □ 
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2.4. Carlsson construction. Let be a simplicial group and X a pointed simplicial 
set with a base point *. Consider the simpUcial group defined as 

i.e. in each degree F'^*(X)„ is the free product of groups (?„ numerated by elements of X„ 
modulo (Gn)*, with the canonical choice of face and degeneracy morphisms. It is proved 
in [7] that the geometric realization is homotopy equivalent to the loop space 

A B\G\). The main example we will consider is the simplicial circle X = with 

So = {*}, Si = {*, a}, 5*2 = {*, sqct, sia}, . . . , S"^ = {*, Xq, . . . , 

where Xj = s„ . . . Sj . . . sqO" and the simplicial group G* with Gn = G for a given group G, 
with identity homomorphisms as all face and degeneracy maps. In this case we use the 
notation F'^{X) = F'^*{X). One has a homotopy equivalence 

\F^{s^)\ - qj:k{g,i). 

The group F'^{S^)n is the n-fold free product of G: 

F^{S^)i = G, F^{S^)2 = G*G, F^{S^)3 = G*G*G, ... 

We can formally identify G *G with SqG * SiG, G *G*G with SiSqG * S2S0G * S2S1G, etc, 
and to define naturally the face and degeneracy maps: 



G*G*G 



G*G 



G. 



Remark. Consider the second term F'^{S^)2 = G * G and face morphisms dQ,di,d2 : 
G*G = so{G)* si{G) G defined as 



dn 



soig) ^ g ^ . \so{g) ^ g 
siig) ^1 ' ^ ' \siig) ^ g 

There is a natural commutative diagram 
7r3(SK(G, 1)) c 



d2 : 



ns{EK{G, 1)) 



G®G 

/ 

■ 

{ker{di) n ker{d2))/B2 



siig) ^ g 



G 



G. 



ah 



G 



G, 



ah 



(2.5) 



where B2 is the 2-boundary subgroup of G * G and the map / is defined a^ 

f{g®h) = [so{g)sM'\so{h)].f^2. 
There is a natural description of the 2-boundary (see [11], for example): 
B2 = [ker{do), ker{di) fl ker{d2)][ker{di), ker{d2) fl ker{do)][ker{d2), ker{do) H ker{di)]. 
Diagram (12. 5p implies that / is a natural isomorphism. 



We use the standard commutator relations: [g, h] ^ g ^gh 
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In the case G = Z, the simplicial group F'~'{S^) is identical to the Milnor construction 
F{S^), with F{S^)n a free group of rank n, for n > 1 : 



F{S^) : . . . F3 ^ F2 g Z. 

In this case there is a homotopy equivalence 

\F{S')\ ^fiS^ 

and the construction F{S^) provides a combinatorial model for the computation of ho- 
motopy groups of the 2-sphere S'^. The construction F{S^) was studied from the group- 
theoretical point of view in [2T]. It is easy to find the simplicial generators of the homotopy 
classes of 7rj(F(S'^)) = 7ri+i(S'^) for i = 3,4, 5. In order to find these simplicial generators, 
consider the sequence of maps between Milnor simplicial constructions F{S'^) F{S^) 
F{S^) F{S^) such that the induced homomorphisms Z = 7C2{F{S^)) n2{F{S^)) = Z 
and Z = 7r3(F(S'^)) n^^F^S^)) = Z/2 are epimorphisms and define the homotopy 
classes of 713(5'^) and 7r4(S''^) respectively. 



F{S' 



F{S% ^ F{S% M F{S'h 



For n > 3, the homotopy class of vr„(S'" ^) defined as 7r„_i(F(S'" ^)) is generated by 
[so(a„_2), si(cr„_2)] in F(S'"~^)„_i (see [21]), where cr„_2 is a generator of F(S'""^)„_2 = 
That is, we can define the simplicial suspension maps 77* : F{S^~^^)i+i — > F(S'*)j+i by 

r]' : [so{(Ti),Si{ai)], i > 1. 

Since the generators of vrj(5'^) are presented by suspensions over Hopf fibration for i = 
3,4,5, the simplicial generators of 7rj(F(5'^)), i = 2,3,4 are given by the following ele- 
ments: 



W2{xo,xi) = [xo,xi] (2.6) 
ws^xq, xi, X2) = [[xo, X2], [xo, xi]] (2.7) 
Wi{xo,Xi,X2,x-i) = [[[xcxg], [x^xi]], [[a;o,X2], [a;o,2;i]]]. (2.8) 

Here we use the natural notations Xj := Sj . . . Sj . . . So(o"i), j = 0,...,i for the basis 
elements in -^(5^)4+111. 

^One can continue the process of construction of elements Wn+i{xQ, . . . , Xn) by the following law: 
■u;„+i(a;o, . . . , a;„) = [wn{xo, . . . ,Xn-i,Xn),Wn{xo, . . . ,Xn-i)]- In this case, the 16-commutator bracket 
W5{xo, ■ ■ ■ ,X4) corresponds to the element of order 2 in TTe{S^), but the 32-commutator bracket 
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2.5. Spectral sequence. Consider an abelian group A and its two-step flat resolution 

^ Ai ^ Ao ^ A 0. 

By Dold-Kan correspondence, we obtain the following free abelian simplicial resolution 
of A: 



N-\A^^Ao): 



Ai © so(Ao) 



Applying Carlsson construction to the resolution N ^{Ai ^ Aq), we obtain the follow- 
ing bisimplicial group: 



jpN-\Ai^Ao)2^Sny^ 

iiitr 

iit 



iiitr 

pAiiSso(Ao)(^gn^^ 
iit 



N-\A, ^ Ao)2 

iiitt 
Ai © so{Ao) 

iit 



Here the mth horizontal simplicial group is Carlsson construction ^iAi'-*Ao)m^<^ny gy 
the result of Quillen [15], we obtain the following spectral sequence: 

(2.9) 



E. 



p,q 



n.MT.^KiN-'iA, ^ Ao), 1)) =^ 7rp+,(S'^ir(A, 1)). 



Consider now a non-abelian analog of this spectral sequence, for n = 1. Suppose now 
that a group G is arbitrary, not necessary abelian. Consider a simplicial resolution of G: 

Gt — > G, 

i.e. G, is a simplicial group with 7ro(G',) = G, 7rj(G',) = 0, i > 0. Consider the following 
bisimplicial group 



G2 * G2 * G2 

iiitt 
Gi * Gi * Gi 

iit 

Go * Go * Go 



G2 * G2 

iiitt 
Gi * Gi 

iit 
Go * Go 



G2 
iiitt 
Gi 

iit 
Go 



Again, by the result of Quillen [T5|, we obtain the following spectral sequence: 

= 7r,(7r,(Sir(G., 1))) =^ 7r,+,(Si^(G, 1)). (2.10) 



wq{xo, ■ ■ ■ ,X5) lies in the simplicial boundary subgroup BF{S^)(i (see [lO]). The construction of a simpli- 
cial generator of the 3-torsion in 7r6(S'^) is more tricky: it is possible to find its simplicial representative 
which is a product of six brackets of the commutator weight six. 
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If G, is a free simplicial resolution, the spectral sequence f l2.10p contains a lot of canonical 
differentials of a complicated nature: 



vr2(^K(G'.)a6)©r2((G.),,)®Z/2) 



7ri(£3((G.)„5)©r2((G.; 



ab 



Z/2) 



7ri(r2((G'. 




HsiG) 



H2{G) 



iil{Gab)®T2{Gab)®'L/2 



T2{G, 



ab) 



G 



ab 



3. On group 7r4(S/s:(A, 1)) 

3.1. The group 7r4(S_ft'(A, 1)) for an abelian group A. Let A be an abelian group. 
Consider the homotopy commutative diagram of fibre sequences 



T.K{A,l) ^K{A,l) 



H 



j:k{a, 1) 



K{A,2) =BK{A,1] 



f 



pull 



(3.1) 



J:K{A, 1) A K{A, 1) ^ K{A, 2) V K{A, 2) ^ K{A, 2) x K{A, 2), 



where H is the Hopf fibration. Thus we have the following lemma: 
Lemma 3.1. There are isomorphisms 

n„iJ:K{A, 1) A K{A, 1)) = 7r„(Sir(A 1)) = 7r^{K{A, 2) V K{A, 2)) 
for n>3. In particular, 713{J:K{A, 1)) = 7r3(Sir(A, 1) A K{A, 1)) = A0A. □ 
By Lemma [2.11 the lower homology of the wedge K{A,2) V K{A,2) are the following: 
Lemma 3.2. 

H2{K{A,2)yK{A,2)) = A®A, 
H-i{K{A,2)yK{A,2)) = 0, 
H,{K{A, 2) V KiA, 2)) = T2{A) © T2{A), 
H^{K{A, 2) V K{A, 2)) = R2{A) © R2{A). 



Lemma 3.3. The Hurewicz image 

h^: n^{K{A,2)VK{A,2)) 

is zero for n > 3. 



H^{K{A,2)yK{A,2)) 



□ 
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Proof. The assertion follows from the commutative diagram 

nn{K{A, 2) V K{A, 2)) Hn{K{A, 2) V K{A, 2)) 



7T^iK{A, 2) X K{A, 2)) = ^ H^iK{A, 2) x K{A, 2)). 

□ 

Theorem 3.1. Let A be any abelian group. Then there is a natural short exact sequence 

{A\A) ® ®A0A®Z/2 c — ► 7T4{I:K{A, 1)) — Tor(A, A). 

Moreover (A^(A) (g> A)®^ is an (unnatural) summand of 7:^(11 K {A, 1)). 

Proof Let X = K{A, 2) V 2) and let F = K{A, 2) x 2) = K{A © A, 2). From 
Lemmas 13.21 and 13.31 there is a short exact sequence 

R2{A) © R2{A) 14 (X) 7r4(X). 

The inclusion j : X = 2) V K{A, 2) c — . Y = K{A, 2) x K{A, 2) induces a commu- 
tative diagram 

H,{X) = R2{A) © R2{A) ^ r4(X) 7r4(X) 

n 

j* j* j* (3-2) 

i/5(>^) = R2{A(B A) T^{Y) . n^{Y) = 0. 

By formula (EH), 

i75(i^(A 2) X K{A, 2)) = //5(^(^ © A, 2)) = i?2(^) © R2{A) © Tor(A A) 

and so the cokernel of j*: H^{X) — > H^iY) is Tor(A, A). On the other hand, from 
Theorem 12.2( 1). there is a commutative diagram of short exact sequences 

r2(x) c — . r4(x) R2MX)) = R2{A © A) 

J* — 

TliY) c . r4(r) R2MY)) = R2iA®A). 

The composite 

ijo^: R^iA © A) T^{Y) —^^ R2{A © A) 

is a natural self epimorphism for any abelian group A. It is an isomorphism for any finitely 
generated abelian A and so an isomorphism for any abelian group A by considering the 
direct limit. Thus j * : r4(X) — ^ r4(^) is an epimorphism and, from diagram (13. 2p . there 
is a short exact sequence 

r^(X) c — . 7r4(X) — Tot{A, A). (3.3) 
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Let Z = I]K{A, 1) AK{A, 1) and let /: Z X he the map in diagram f l3.ip . Consider 
the commutative diagram 



7r3(Z)®Z/2 = r2(Z) 



ri(x) 



r4(x) 



7r4(X), 



H^{Z) ► T^{Z) = 



(3.4) 



where T^i^Z) ^iiZ) is an isomorphism because its cokernel R2{TT2iZ)) = 0. From the 
definition (I2.4p of the functor F^, 

^■.TliZ)^Tl{X) 

is a monomorphism with retracting homomorphism 0': F2(X) — > F|(Z). By the short 
exact sequence fl3.3l) . T^^Z) t^a{Z) is a monomorphism and so there is a short exact 
sequence 

A®A®Z/2 = Vi{Z) c — ^ TT4{Z) — H^iZ) = H3{K{A, 1) A K{A, 1)). (3.5) 

Note that Hi{K{A, 1)) = A and H2{K{A, 1)) = A^{A). By the Kiinneth theorem, there 
is a natural short exact sequence 

{A(g)A''{A)f^ c 
Consider the composite 

9a: Tl{X) = Tl(T2{A®A) -> A^A) ^ 



Hi{Z) Tor {A, A). 



n,{X) ^ 7r4(Z) 



Hi{Z) -^^ Tor(A^), 

which is natural on any abelian group A. If A is a free abelian group, then 6a = 0. For 
any abelian group A, choose any free abelian group Aq with an epimorphism g\ Aq ^ A. 
From the definition (lOl of F^, 

Tl{g) : TI{V2{Aq © Aq) ^ ® Aq) — > TI{V2{A ® A) ^ A® A) 

is an epimorphism. By the naturality of 6 a, we have = because Oaq = 0. Now, from 
diagram (13. 4p , there is a commutative diagram of natural short exact sequences 

A®A®Z/2 = A®A®Z/2 



TliX) 



7i^{J:K{A,1)) -^^ Tor(A^) 



{A ® A2(A))®2 c . Hi{Z) Tor(A, A). 

It follows that there is a natural (on A) isomorphism 

Tl{X) = A® A®Z/2®{A® A2(A))®1 
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Since (A (g) A^(A))®^ is an (unnatural) summand of H4{Z), it is an (unnatural) summand 
oi 7i4{T,K{A,l)). The proof is finished. □ 

Corollary 3.1. Let p be an odd prime integer. Then 

7r4(Sir(Z//, 1)) = Z/p' 

and the Hurewicz homomorphism 

n,{EK{Z/p', 1)) ^ H,{T.K{Z/f, 1)) 

is an isomorphism. 

Proof. In this case, A® A® Z/2 = 0. Since Z/p^ is cyclic, A^(yl) ® A = Q and hence the 
result. □ 

For completely determining the group T^^iJlK^A, 1)), we have to consider the divisibility 
problem of the elements in the subgroup A® A® Z/2 = T^i^Z) C ti^{J1K{A^ 1)) = Tii{Z). 
We solve this problem for any finitely generated abelian group A. 

Lemma 3.4. Let A he any abelian group and let j : M{A, 1) K^{A, 1) be a map such 
that j^: Hi{M{A,l)) Hi{K{A,l)) is an isomorphism. Then there is an (unnatural) 
splitting exact sequence 

7r4(SM(A, 1) A M{A, 1)) n,{J:K{A, 1) A K{A, 1)) -^^ {A ® A^AJf^ 

Proof. Let X = SM(A, 1) A M{A,1) and let Z = J:K{A,1) A K{A,1). The assertion 
follows from the commutative diagram of short exact sequences 

r4(X) c . TT^iX) — H^iX) = Tor(A^) 



r^{Z) c . n^{Z) H^{Z), 

where the bottom row is short exact by equation (13. 5p . □ 
Given a finitely generated abelian group A, let 

A = Ai® Apr 

r > 1 
p is a prime 

be the primary decomposition of A, where Ai is torsion free and Apr is a free Z/p^-module. 

Theorem 3.2. Let A be any finitely generated abelian group. Let A = A2 ® B with 
5 = A©0pr^2^P'- Then 

TT^iEKiA,!)) = 1(^2® A2)©(A2®5)®2©5®2®Z/2©(A® A2(A))®2 
©Tor(A2,5)®2©Tor(5,5), 

where |(^2 ® ^2) is a free Z/i-module with rank of dimz/2{A2 ® A2). 
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Proof. Let X = EM {A, 1) A M{A, 1). By Lemma [331 it suffices to show that 

7r4(X) = ^(^2 ® A2) © (A2 ® © ^ © Tor(A2, 5)®^ © Tor(5, 5). 
Observe that there is a homotopy decomposition 

X~ Y SM(Ap.,l) AM(Ag.,l), 

r, s > 
p, g prime 

where we allow r, s to be for having the factor Ai to be appeared. Thus there is a 
decomposition 

n,{X)= ■K,{J:M{Apr,l)AM{A,s,l)). (3.6) 

r,s > 
p, q prime 

Let r,s > 1 and let p and q be positive prime integers. From \W, Corollary 6.6], there is 
a homotopy decomposition 

EM{Z/f, 1) A M{Z/q\ 1) 

* if p^g, (3.7) 

M(Z/p™'^^^'^>, 3) V M(Z/p™°^^'^>, 4) \i p = q and maxjp'', g"} > 2. 

By taking 714 to above decomposition, we have 

7r4(SM(Z/p", 1) A M{Z/q% 1)) = Z/p" © Z/g' © Z/2 © Tor(Z/2^ Z/2') (3.8) 

if maxjp'^, g''} > 2. Clearly this formula also holds for the case where = 1 or g'^ = 1. 
For the case p*" = g'' = 2, we claim that 

7r4(EM(Z/2, 1) A M(Z/2, 1))) = Z/4. (3.9) 

Let Y = SM(Z/2, 1) A M(Z/2, 1). From the short exact sequence 

r4(r) = z/2 c — . n^{Y) — H^{Y) = Z/2, 

the group ir^iY) = Z/4 or Z/2 © Z/2. Suppose that 7r^{Y) = Z/2 © Z/2. Then there 
exists an element a G ttaIY) of order 2 which has the nontrivial Hurewicz image. Since a 
is of order 2, the map a: 5"^ — > F extends to a map a: M(Z/2,4) — > Y with 

a,: if4(M(Z/2,4)) — > H^iY) 

an isomorphism. Let 

j: M(Z/2,3) 

be the canonical inclusion. Then j*: if3(M(Z/2, 3)) H^{Y) is an isomorphism. Then 

(j, a) : M(Z/2, 3) V M(Z/2, 4) — >Y 

is a homotopy equivalence because it induces an isomorphism on homology, which con- 
tradicts that the Steenrod operation Sq^\ H'^{Y]'L/2) if^(F;Z/2) is an isomorphism. 
Thus TiiiY) = Z/4. 

Now the assertion follows from decomposition f l3.6p and the computational formu- 
lae ^ and ((331). □ 
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Corollary 3.2. Let A2 be any elementary 2-group. Then there is a natural short exact 
sequence 

{A2 ® A\A2)f' ^ Mj:k{A2, 1)) — ^(^2 ® A2), 

where ^(^2 ® A2) is a free Tj/A-module. Moreover this splits off unnaturally. 
Proof. By Theorem 13.11 there is a natural short exact sequence 

(A2 ® A2(A2))®2 ^ 7r4(Sir(A2, 1)) — ^ 7r4(Sir(A2, 1))/(A2 ® A2(A2))®^ 

By Theorem [321 the quotient group n^^EK^Ai, 1))/{A2 O A'^{A2))®^ is free Z/4-module 
for any finite dimensional elementary 2-groups. The assertion follows by taking direct 
limits. □ 

Remark 3.1. The summand \{A2 ® A2) is sub-quotient functor 0/ 7r4(S_ft'(yl, 1)) on A 
in the following sense. For any abelian group A, the 2,/ 2- component A2 is given by the 
image of 

Sql- /72(A;Z/2) ^iJi(A;Z/2). 

Thus A\-^ A2 is a sub functor of the identity functor on abelian groups. Then TiiiJlK{A2, 1)) 
is a sub functor of tt4(T,K{A, 1)) on A and so 

^(^2 ® A2) = n,{J:K{A2, 1))/(A2 ® A2(A2))®2 
is a sub-quotient functor of 'K4^{I]K{A, 1)) on A. 

3.2. Applications. As an application, we compute 7rj(M(Z/p'', 2)) for i < 4. By the 
Hurewicz Theorem, 7r2(M(Z/p'', 2)) = Z/p^. From the Whitehead exact sequence (|2.2p . 
we have 

r„(M(Z//, 2)) = 7r„(M(Z/p^ 2)) (3.10) 
for r > 3 because ifj(M(Z/p'', 2) = for i > 3. It follows directly that 

MMiZ/f, 2)) = ^3(M(Z/p^ 2)) = r2(Z/p^') = I i[ ^ > I (3.11) 

where T2{A) is computed in Example 12. 1[ From Theorem 12.21 (1), there is a short exact 
sequence 

^2(M(Z/p^2)) ^ ^4(M(Z/p^2)) -^^ i^2(v^2(M(Z/p^2))) = i?2(Z/p^). 
From Subsection 12.21 

'0 if p > 2, 
Z/2 if p = 2. 

By the definition ( 12. 4p of the functor Fg, the group r2(M(Z/p'', 2)) is given by the push-out 



i?2(Z// 



T2{Z/p') (E) {Z/p^ ® Z/2) ^ CliZ/p^) ® r2(Z/pO ® z/2 



»?iC>5id 



Thus 



7^3(M(Z/p^ 2)) ® {Z/p^ © Z/2) ^ ^2(M(Z/p^ 2)). 

r2(M(z//, 2)) = cliz/p') © r2(z/p'^) © z/2. 
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Since Z/p'' is cyclic and Cl{A) is isomorphic to the kernel of A® A^(A) A^(y4), we have 

Cl{Z/f) = 

and so 

^2(M(Z/p^2)) = 

A direct consequence is: 



if p>2, 
Z/2 if p = 2. 



7r4(SM(Z/p", 2)) = for p > 2. 
For the case p = 2, we have the short exact sequence 

Z/2 c — . 7r4(M(Z/2^2)) — Z/2. 



(3.12) 



The remaining problem is to decide whether 7r4(M(Z/2'', 2)) is equal to Z/2 © Z/2 or 
Z/4. It has been computed in [22] that 7r4(M(Z/2, 2)) = Z/4. For r > 1, the group 
7r4(M(Z/2'^, 2)) seems not recorded in references. We are going to determine the group 
7r4(M(Z/2'^, 2)) using our methods. 

Lemma 3.5. Let 

j : M(Z/T\ 2) — > Si^(Z/2", 1) 
he the canonical map inducing isomorphism on H2. Then 

J,: ^4(M(Z/2^2)) -^^4(Sir(Z/2^1)) 

is an isomorphism. 

Proof. By Theorem 12.2( 1). there is a commutative diagram of short exact sequences 
r2(M(Z/2^ 2)) = Z/2 ^ r4(M(Z/2^ 2)) — i?2(Z/2^) = Z/2 



J* 



r2(ir(Z/2^2)) c . Ti{K{Z/T\2)) -^^ i?2(Z/2'') = Z/2 

From the Whitehead exact sequence 

r3(Z/2^) = Z/2^+^ ^ 7r3(S/s:(Z/2'', 1)) = z/2'' ® Z/2'" = Z/2'' ^ 0, 

we have 

r/i ® id: r2(Z/2'') ® (Z/2'' © Z/2) — > 7^3(i^(Z/2^ 2)) © (Z/2'' © Z/2) 
is an isomorphism. Similar to the computation of r2(M(Z/2'', 2)), we have 

r^(ir(Z/2'',2)) = z/2 

with an isomorphism : r2(M(Z/2'', 2)) ^ rl{K{Z/T' ,2)). The assertion then follows 
by 5-lemma. □ 

Lemma 3.6. The group 



r4(sir(z/2'", 1)) 



z/2 © z/2 if r > 1, 



Z/4 



if r = 1. 
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Proof. Let Z = J:K{Z/2'', l)hK{Z/2\ 1) and \eiH: Z ^ 1:K{Z/2\ 1) be the Hopf map. 
From equation (13.51) . there is a commutative diagram of exact sequence 



T^{Z) = Z/2 ^ 



TT.iZ) 



Hi{Z) = %IT 



Ti{^K{Z/2', 1)) ^ 7^4(Sf^(Z/2^ 1)) /74(S/^(Z/2^ 1)), 

where the bottom row is left exact because H^{J1K{1j/2'^ ^ 1)) = HiiX/2'^) = 0. 

If r > 1, then T^iZ) is a summand of n^iZ) = 7r4(S/s:(Z/2% 1)) by Theorem [321 Thus 
r^{Z) = z/2 is also a summand of r^{J:K{Z/2'', 1)). It follows that 

T^{j:K{Z/r, 1)) = z/2 © z/2 if r > 1. 

If r = 1, by CorollarySa 7r4(Sis:(Z/2, 1)) = Z/4 and so 

r4(Eii'(Z/2, 1)) = 7r4(Eis:(Z/2^ 1)) = Z/4. 

The proof is finished. 



□ 



Since T 4{T,K {Z/2'''' , 1)) Ti^^iJlKiZ/T' , 1)) is a monomorphism, from Lemmas 
and 13.61 we have the following: 

Corollary 3.3. Let 

J : M{Z/2\ 2) — > Y.K{Z/2\ 1) 
he the canonical map inducing isomorphism on H2. Then 

(1) 7r4(M(Z/2,2)) = Z/4 and 

J,: 7r4(M(Z/2,2)) ^ 7r4(Sir(Z/2, 1)) 

is an isomorphism. 

(2) For r>l, 7r4(M(Z/2^ 2)) = Z/2 © Z/2 and 

J, : 7r4(M(Z/2", 2)) = Z/2 © Z/2 ^ n^{i:K{Z/2\ 1)) = Z/2 © Z/2" 
is a monomorphism. 



□ 



Note that M(Z/2,2) = SMP^ and S/s:(Z/2, 1) = SRP°° with the canonical inclusion 
j : SMP^ ^ SMP°°. A consequence of Corollary 13.31 (1) on the suspended projective 
spaces are as follows. 

Corollary 3.4. Let j : SMP^ SMP" be the canonical inclusion with 3 < n < 00. 

(1) For 4 < n < 00, : 7r4(S]RP^) = Z/4 — 7r4(SRP'^) is an isomorphism. 

(2) For n = 3, j * : 7r4(SRP^) = Z/4 — > 7r4(SMP^) is a splitting monomorphism. 
Moreover 

7r4(SMP^) ^ 7r4(SMp2) © Z = Z/4 © Z. 

Proof. Assertion (1) and the first part of assertion (2) are direct consequences of Corol- 
lary 13. 3[ For the second part of assertion (2), notice that MP^ = SO {3). From the 
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7r4(S50(3)) 



7r4(SMP'^ 



we have 



7r4(E50(3)) ^ 7r4(S50(3) A50(3))©7r4(5^0(3)) 
= 7r4(SMP°°) ©7r3(^0(3)) 
= Z/4©Z 

and hence the result. □ 

Another consequence is as follows: 

Corollary 3.5. Let S3 be the third symmetric group. Then tt4^{T,K{T,3, 1)) = Z/12. 

Proof. Recall that the integral homology groups of S3 are 4-periodic with the following 
initial terms: 

H,{E,) = Z/2, H^i^s) = 0, H,{E,) = Z/6, H^{E,) = 0. 
Let X = Si^(S3, 1). The Whitehead exact sequence has the following form: 

r,{X) ^ 7f,{X) ► H,{^s) = z/6 ^ r3(X) = Z/4 -^^ 7r,{X) = z/2. 

The inclusion S2 = Z/2 ^ S3 induces an isomorphism 

7ri(Sir(Z/2, 1)) = Z/2 ^ 7ri(Si^(S3, 1)) = Z/2 

for i = 2,3. By Theorem 12.21 (1) together with Lemma F3. 61 the inclusion S2 = Z/2 S3 
induces an 

r4(SK(z/2, 1)) = z/4 ^ r4(SK(S3, i)) 

and hence the result. □ 

4. On group n5{J:K{A,l)) 
4.1. Some Properties of the Functor A i-^ 7r5(S_ft'(A, 1)). From Hopf fibration 

j:k{a, 1) A K{A, 1) — - j:k{a, i) — - k{a, 2), 

it suffices to compute 7ir,{J:K{A, 1) A K{A, 1)). Let Z = T,K{A, 1) A K{A, 1). Since Z is 
2-connected, from Theorem 12. 21 (2). there are natural exact sequences 



7r4(SX(A, 1)) © Z/2 © A\A © A) 



(4.1) 



HeiZ) 



TT^iZ) 



H,{Z), 



Tor(A© A,Z/2) 
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where 7i^{Z) H^{Z) is onto by equation (13 .Sp . The group n4{T,K{A,l)) has been 
determined by Theorems 13.11 and I3.2[ 

Proposition 4.1. Let A be a free abelian group. Then there is a natural short exact 
sequence 

{A\A)(g)A^Z/2f^®A^^(g)Z/2®A\A(g)A) ^ n^{i:K{A,l)) {A^{A)(g)Af^®A\Af\ 

Proof. Since A is a free abelian group, the Hurewicz homomorphism /i* : ti^:{Z) H^{Z) 
is onto because Z is a wedge of spheres. Thus there is a short exact sequence 

T,{Z) ^ 7i,{Z) -^^ H,{Z). 

By Theorem [STU ni{Z) = (A^(A) (g) A)®^ ® A(g)A(g) Z/2 for a free abehan group A. The 
assertion follows from diagram (14. ip . □ 

Proposition 4.2. If A is a torsion abelian group with the property that 2: A ^ A is an 
isomorphism, then there is a natural short exact sequence 

A\A ® A) c — . 7r5(Sir(A 1)) — Hi{K{A, 1) A K{A, 1)). 

Proof. It suffices to show that the Hurewicz homomorphism h^: tiq^Z) Hq{Z) is onto. 
We may assume that A is finitely generated because we can take direct limit for general 
case whence the finitely generated case is proved. Then A is a direct sum of the primary 
p-torsion groups Z/p^ for some r > 1 and odd primes p. According to [l2], there is 
homotopy decomposition 

SX(Z//, 1) ^ Xi V ■ ■ • V 

where Hg{Xi; Z) 7^ if and only if g = 2^ mod 2p — 2. Together with the decomposition 
formula (13.71) for the smash product of Moore spaces, up to 6-skeleton, T,K{A, 1)AK{A, 1) 
is homotopy equivalent to a wedge of spheres and Moore spaces. It follows that the 
Hurewicz homomorphism 

7Te{^K{A, 1) A K{A, 1)) ^ H,{J:K{A, 1) A K{A, 1)) 

is onto and hence the result. □ 

From the above proof, we also have the following: 

Proposition 4.3. Let A be any abelian group. Let Zi = G Q | m G Z, r > 0}. Then 

there is natural short exact sequence 

A'^{A (g) A) ® Zi c — . 7r5(Sir(v4, 1)) (g) Zi — Hi{K{A, 1) A K{A, 1)) O Zi . 

□ 

For computing the group n^iJ^K^A,!)), as one see from the above, the tricky part 
is the 2-torsion. Whence A contains 2-torsion summands, the Hurewicz homomorphism 
ttqIZ) — i> Hq{Z) is no longer epimorphism in general and so T^^Z) ir^iZ) is not a 
monomorphism in general. Also the group tt^{Z) in diagram ( 14. ip admits non-trivial 
extension. The computation of the group tt5(T,K{A,1)) for finitely generated abelian 
groups A can be given by the following steps: 

Step 1. Take a primary decomposition of A and write K{A, 1) as a product of copies of 
= K{Z,1) and /s:(Z/p^l). 
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Step 2. By using the fact that SX x F ~ SX V SF ~ SX A F for any spaces X and F, 
one gets 

E(Xi X X2) A (Xi X X2) - S(XiVX2VXi AX2) A(Xi VX2VX1 AX2) 

~ E(Xf2 V X^^ V Xf 2 A x^^y 

VXi A X2 yyx^^ A X2 V V^i A xf ). 

From this, 1) A K{A, 1) is then homotopy equivalent to a wedge of the 

spaces in the form 

X = E"'K{Z/pI\ 1) A K{Z/pI\ 1) a ■ ■ ■ a K{Z/pI\ 1) 

with m + t > 3 and m > 1. 
Step 3. By applying the Hilton-Milnor Theorem, we have 

^](sx V SF) ~ ^]sx x x ^]s((^]sx) a (i^sy)) 
~ ^]sx X r^sr x (v«^=i ^""^ a r^^) . 

Thus 

7r„(SX V Sy) ^ 7r„(SX) © 7r„(Sy) © 7r„, ^ \/ SX^' A F^^' j . 

Note that the connectivity of X^* A Y^^ tends to 00 as i,j 00. By repeating 
the above procedure, 7in(J^K{A,l) A K{A,1)) is isomorphism to a direct sum of 
the groups vr„(X) with X given in the form above. 

Notice that 

S'"K(ZM\ 1) A K(ZM^ 1) A ■ • • A KiZ/p[\ 1) ^ * 

if the primes Pi 7^ pj for some i ^ j. Thus we only need to compute 

7r5{J:'"K{Z/f\ 1) A KiZ/p'^ 1) A ■ ■ ■ A K{Z/f\ 1)) 

for a prime p. If t = 0, the homotopy group 7r5(S''^) is known by 7r5(S'^) = 7r5(S'^) = 
Z/2 and 7r5(S'^) = Z. For an odd prime p, this homotopy group can be determined by 
Proposition Hill The rest work in this section is of course to compute 7r5(E™i^(Z/2''i, 1) A 
K{Zl7r\ 1) A ■ ■ ■ A K(ZI2^\ 1)) with m + t > 3. When m + t > 5, we have 



vr5(X) 



if m + t > 5 

Z/2™'^^'i if m + t = 5 with t > 1 



for X = S™K(Z/2'-i, 1) A K{Z/2'-\ 1) A ■ ■ • A ir(Z/2^% 1). The first less obvious case is 
m + 1 = 4, which will be discussed in the next subsection. 

4.2. The Group tx5{T.'^K{Z/T^\1) ^K{Z/T^^,l) ^■ ■ ■ ^K{Z/2''\l)) for m + t = 4 and 
m, t > 1. We first consider the case t = 1. 

Lemma 4.1. The Hurewicz homomorphism 

h, : 7^5(S2ir(Z/2^ 1)) ^ H,{E'K{Z/2\ 1)) 

is onto for any r > 1. 
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Proof. Let X = S^fr(Z/2^, 1). Consider the Whitehead exact sequence 

7r5(X) ^ H,{X) ^ r4(X) = Z/2 ^ 7T,{X) ^ H,{X) = 0. 

Thus the Hurewicz homomorphism is onto if and only if n^lX) ^ 0. 

Let /: 5"^ — *^ X be a map representing the generator for 7r3(X) = Z/2^'. From the 
remark to Theorem 12.11 714 (X) = if and only if the composite 

is null homotopic, if and only if the map f : ^ X extends to a map / : SCP^ X 
because SCP^ is the homotopy cofibre of r/: 5"' — > S*^. 

Suppose that there exists a map /: SCP^ —>■ X such that /|5'4 = /. By taking mod 2 
cohomology, there is commutative diagram 

i75(ECP2; z/2) " ^ H^iX; Z/2) = Z/2 



H^^CP^; Z/2) = H%S'^; Z/2) tJl H\X; Z/2) = Z/2. 
It follows that 

Sq^ : H%X; Z/2) — > H^{X; Z/2) 

is an isomorphism. On the other hand, from the fact that X = T,'^K{Z/2^ ,1) and 
Sq^: H^{K{Z/T\l)]Z/2) H'^{K{Z/2\l)) is zero, Sq^: H^{X;Z/2) H^{X;Z/2) 
is zero. This gives a contradiction. The assertion follows. □ 

Proposition 4.4. nr^{T,^K{Z/2'- , 1)) = Z/2 forr>l. 

Proof. Let X = T,^K{Z/2^ , 1). Consider the Whitehead exact sequence 

■KeiX) H,{X) ^ r5(X) = z/2 ^ n,{X) ^ H^iX) = 0. 
By LemmaSH he: TTeiX) Hq{X) is onto. Thus 7r5(X) = r5(X) = Z/2. □ 

Now we consider the case t = 2. 
Proposition 4.5. Let ri,r2 > 1. Then 

x,(E^X(Z/2-, 1) A A-(Z/2-, D) = { |2 e Z/2»>»<n,„) max{r„p} > 1, 

Proof Let X = T?K{Z/2''\ 1) A K{Z/2''\ 1). By Lemma SH there exists a map 

5^^S2ir(Z/2^%l), ^ = 1,2, 
which induces an epimorphism 

/„: if5(5') — H,{Y?K{Z/2'%1). 
Let j:Y = Y?M{Z/2''\ 1) A M(Z/2^^ 1) --^ X be the canonical inclusion. Then the map 

/: r V 5^ A ir(Z/2'^^ 1) V K{ZI2'\ 1) A S'' ^^'^'''"^^"^''H X 
induces an isomorphism on Hj{ ; Z/2) for j <6. Thus 

TTfc (r V 5^ A ir(Z/2"% 1) V K(Z/2"S 1) A 5^) — > 7ik{X) 
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is an isomorphism for k < 5. Note that 

7ik{S'' A K(Z/r\ 1)) = Tik{K{Z/r\ 1) A S^) = 

for /c < 5. Thus 

is an isomorphism for < 5. In particular, 7r5(F) = n^{X). 
If maxri,r2 > 1, from decomposition (13.71) . we have 

S2m(Z/2"S 1) A M(Z/2"% 1) ~ M(Z/2°^'"^^"i'"2>,4) V M{Z/2'''"'^'''''"'\5) 

and so 

7r5(r) = 7r5(M(Z/2"^^'^^'"i'"2},4)) © 7r5(M(Z/2"^'°{"i''^2>, 5)) = Z/2 © z/2°^'"^^"i'^2>. 

Consider the case ri = r2 = 1. From formula (I3.9P and the Freudenthal Suspension 
Theorem, 

7r5(S2M(Z/2, 1) A M(Z/2, 1)) ^ 7r4(SM(Z/2, 1) A M(Z/2, 1)) ^ Z/4. 
The proof is finished. □ 

The last case is t = 3. 
Proposition 4.6. Let ri, r2, 7*3 > 1 and /et r = min{ri, r2, r^,}. Then 

Z/2©Z/2^ i/ max{ri,r2,r3} > 1, 



7r5(Sir(Z/2''S l)Air(Z/2''2, l)Air(Z/2^3^ 1)) 



Z/2 © Z/2 ?/ n = r2 = rs = 1. 



Proof. Let X = Sir(Z/2^i, 1) A ir(Z/2^2^ 1) A K{Z/2''^, 1). Let /i be the composite 

56 j:^k{z/2''\i) = i:K{z/r\i) a 5^ a 5^ ^ — . x, 

where is a map which induces epimorphism on Hq{) by Lemma HUl Similarly, we have 
the maps 

fi-. — > ^K(Z/2'\l) A K{Z/r\l) A K(Z/r\l), i = 2,3, 

by replacing ir(Z/2'"Sl) by is:(Z/2'^%l). Let F = SM(Z/2''\ l)AM(Z/2^'2, l)AM(Z/2'^3^ 1) 
and let j : Y --^ X be the canonical inclusion. The map 

Yy s^y S^y ^^'^''^''H x 

induces an isomorphism on ; Z/2) for A; < 6 and so 

U fi, /2, /s)* : vr5(F y S' y S' y S') = n,iY) ^ n,{X) 

is an isomorphism. 

If max{ri, r2, rs} > 1, from decomposition (13. 7p . 

Y ~ M(Z/2^ 4) V M{Z/2\ 5) V M(Z/2^ 5) V M(Z/2'', 6) 

and so 

7r5(r) = z/2 © z/2'- © z/2''. 
If ri = r2 = rs = 1, there is a homotopy decomposition [22l Corollary 3.7] 

SMP2 A A ~ SCP2 A MP^ V S^MP^ V S^P^. 

By [221 Lemma 6.34 (2)], 

7r5(SCp2 AMP2) = 
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and so 

7r5(ERp2 A MP^ A RP^) = Z/2 © Z/2, 
which finishes the proof. □ 

Remark 4.1. For the case X = Sir(Z/2, 1) A K{Z/2,1) A K{Z/2,1), the Hurewicz 
homomorphism 

TT^iX) = Z/2 © z/2 — > H^{X) = Z/2 © Z/2 
is an isomorphism and so, in the Whitehead exact sequence, 

H,{X) — . r5(x) = z/2 

is onto. This gives an example that the morphism Hq{Z) — > T^{Z) in diagram (14. ip may 
not be zero, which is the only example in the case m + t = 4. More examples will be 
shown up in the case m + 1 = 3 in the next subsections. 

4.3. The Group 7r5(S/s:(Z/2^ 1)) ^ n5{J:K{Z/T, 1) A K{'L/2\ 1)). 

Lemma 4.2. Let X = SK(Z/2^ 1) A K(Z/2'', 1) wtth r > 1. Then mod 2 Hurewicz 
homomorphism 

neiX) H,{X) ^ H,{X; Z/2) 

is zero. 

Proof. Recall that the mod 2 cohomology ring 

H*{K{'L/2\ 1); Z/2) ^ E{ui) ® P{u2) 

with the r th Bockstein [3'^{ui) = U2. Let Xi (and Ui) denote the basis for Hi{K{7Ll2^ \ X/2). 
The Steenrod operations and the Bockstein on lower homology are given by 

Sqlxi = X2 SqlvA: = 1/2 

Pr{x4) = X3 PrVi = Vs 

(3r{x2) = Xi Pry2 = Hi- 

The Z/2-vector space s~^Hk{X; Z/2) with k < 6 has a basis given by the table 

/ k = 6 Xi?/4 X2I/3 Xsy2 x^yi \ 

5 XiVs X2I/2 XsVi 

4 xiy2 X2yi 

\ 3 xiyi J 

Let a e Hq{X; Z/2) be a spherical class. Then 

s'^a = eiXi?/4 + 62X2^/3 + £33:31/2 + 64X41/1 
for some G Z/2. Observe that for any spherical class, 

/?,(«) = Sqlia) = 
for any s,t>l. By applying Sql to a, we have 

= Sq%s-'a) 

= eiSql{xiyi) + e2Sql{x2y3) + t^Sqlix^yi) + t^Sqlix^^yi) 
= eiXii/2 + + + €4X21/1 

in s-iif4(X;Z/2). Thus 

ei = 64 = (4.2) 
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By applying the Bockstein Pr to a, we have 

= (3^{s-^a) 

= ^iXiVz + eiXiV'i + €3X31/1 + €4X37/1 
= (ei + e2)xi?/3 + (e3 + e4)x3?/i 

and so 

ei + €2 = eg + 64 = 0. 

Together with equation (14 ■21) . we have ej = for 1 < z < 4. Thus a = and hence the 
result. □ 

Theorem 4.1. 7r5(Sir(Z/2, 1)) = 7r5(Sir(Z/2, 1) A K{Z/2, 1)) = Z/2 © Z/2. 

Proof. Let X = J:K{Z/2, 1) A K{Z/2, 1). Notice that 

Hq{X) = Z/2 © Z/2 = He{X; Z/2). 

From diagram (14. ip . there is an exact sequence 

He{X) = Z/2 © Z/2 c — . T^iX) ^ n^iX) -^^ H^{X) = Z/2 © Z/2. 

By Corollary [321 

n^{X) = 7r4(Sis:(Z/2, 1)) = Z/4. 
From Theorem 12. 21 (2). there is a short exact sequence 

7i4{X) © Z/2 © A'(vr3(X)) = Z/2 c — . r5(X) -^^ Tot{7t^{X), Z/2) = Z/2. 
Thus the group r5(X) is of order 4. It follows that the monomorphism 

He{X) = Z/2 © Z/2 c — . r4(X) 
is an isomorphism and hence the result. □ 
Lemma 4.3. Let ri,r2 > 1 with max{ri,r2} > 1. Then there is a short exact sequence 
Z/2 © Z/2 c — ► T5{J:K{Z/2''\1) a f^(Z/2'■^ 1)) — z/2. 

Proof. Let A = ZjT'^ © Zl2'\ Let X = T.K{Z/T\ 1) A K{Z/2'"\ 1). Then X is a retract 
of T,K{A, 1) A K{A, 1). From Theorem [321 ^^{X) = Z/2''^ © Z/2'^2 ^ = Z/2 is 
summand of 714 (X) and so 

n^{X) = Ti{X)®Hi{X) 

= Ti{X) © H^{K{Z/T\1) A K{Z/T\ 1)) 

= 14 (X) © Tor(Z/2'"i, Z/2''2) 

= Z/2 © Z/2™'"^''i''^2}_ 

The assertion follows from Theorem 12.2( 2). □ 
There is a canonical choice of skeleton sk„(_ft'(Z/2'', 1)) with 

skn{K{Z/2', 1) = sk„_i(ir(Z/2", 1) U e". 
This induces a choice of skeleton 

sk„(Sir(Z/2"S 1) A K{Z/2'\ 1)) = S |J ski{K {Z/2'-\ 1)) A ikj{K{Z/2'\ 1)). 

Lemma 4.4. Let ri,r2 > 1. Let r = min{ri,r2}. Let X = J:K{Z/2''\ 1) A K{Z/2'\ 1). 
Then 
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(1) sk4(X) ~ M(Z/2",3) 

(2) Ifn = r2 = l, then sk5(X) ^ 5^ V 5^ V SRP^ A MP^. 

(3) // max{ri, ra} > 1, then sk^iX) ~ 5^ V 5^ V M(Z/2^ 3) V M(Z/2^ 4). 

{Z/2 © Z/2 i/ n = r2 = 1, 

Z/4 0Z/2 min{ri,r2} = l 

ana maxjri, r2| 
Z/2 ©Z/2 ©Z/2 ^/ n,r2>l. 

Proof. We may assume that ri < r2 and so r = ri. Let Xj be a basis for Hi{K {Z / 2'^'^ , 1); Z/2) 
(Hi{K{Z/2'^^ , 1); Z/2)), which represents the z-dimensional cell in the space K{Z/2^'=, 1). 
Then 

s-^^,(sk„+i(X);Z/2) 

has a basis given by Xii/j with i + j <n and i,j > 1. In particular, s~^if* (sk4(X); Z/2) 
has a basis {xiyi,Xiy2,X2yi} with the Bockstein /?ri(a;2Z/i) = Xiyi. There is (unique up 
to homotopy) 2-local 3-cell complex with this homological structure which is given by 
V M{Z/2\ 3). Thus sk4(X) ~ 5^ V M{Z/2\ 3), which is assertion (1). 
(2) and (3). Observe that s~^H^:{s]i.^{X); Z/2) has a basis Xiy2, X2yi,xiy3, X2I/2, x^y^}. 

Let 

j: SM(Z/2'^\ 1) A M(Z/2'"% 1) c — . sk5(X) 
be the canonical inclusion. For i = 1,2, the composite 

^5 T?K{Z/2''% 1) = Y.K{ZIT\ 1) A 5^ c — . SK(Z/2''\ 1) A K{Z/2''\ 1), 

in which g is map that inducing isomorphism on ;Z/2) as in Lemma [4.11 induces a 
map 

^5_^sk5(X). 

By inspecting homology, the map 

(/i, /2, j) : 5' V 55 V SM(Z/2'^\ 1) A M(Z/2''% 1) sk^{X) 

induces an isomorphism on mod 2 homology and so it is a homotopy equivalent localized 
at 2. If maxjri, > 1, then from decomposition 1X71 

EM(Z/2^S 1) A M(Z/2^^ 1) ~ M(Z/2'', 3) V M(Z/2^ 4) 

and so sk5(X) ~ 5^ V 5^ V M(Z/2^ 3) V M(Z/2^ 4) in this case. Thus assertions (2) and 
(3) follow. 

(4). Case I. maxjri, r2} > 1. By the definition of the Whitehead's functor V, 

T^{X) = Im(7r5(sk4(X)) ^ 7r5(sk5(X)) 

= Im(7r5(S^ V M(Z/2^ 3)) ^ t:^{S^ V V M{Z/2\ 3) V M{Z/2\ 4))) 
= 7r5(M(Z/2'-,3) VM(Z/2^4)) 

because 

M{Z/r, 3) V M{Z/2\ 4))) ~ SM(Z/2'\ 1) A M{ZIT'\ 1) = {S^ V M(Z/2^ 3)) U 
Now it suffices to compute 

7r5(M(Z/2^ 3) V M(Z/2^ 4)) = 7^5(M(Z/2^ 3)) © 7^5(M(Z/2^ 4)). 
It is straight forward to see that 7r5(M(Z/2'', 4)) = Z/2 represented by the composite 

55 ^ ^4 e — , M(Z/2'',4). 
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If r = mm{ri,r2} = 1, then 7r5(M(Z/2'', 3) = Z/4 according to [22l Proposition 5.1]. 
If r = min{ri,r2} > 1, we compute n^^M'L/T' ,2>). Observe that this is in the stable 
range and so 

7^5(M(Z/2^3))^7^^(M(Z/2^3)). 

Now we are working in the stable homotopy category. Since r^: 5*^ ^ S"^ is of order 2, 
there is a map 

fi: M(Z/2,5) — > 

such that 77155 ~ Tj. Since the identity map of M(Z/2, 5) is of order 4 (see for instance [T71 
Theorem 4.4]), there is a commutative diagram 

c M(Z/2,5) 

y 

M{Z/2^, 3) ^ ^ S\ 

where the bottom row is the cofibre sequence. The composite fj\ ^ M (Z/2'', 3) repre- 
sents an element in 7r|(M(Z/2^, 3)) that maps down to t^I^S'^) = Z/2(?7). Since the map 
j : ^ M(Z/2, 5) is of order 2, the composite fj o j is of order 2. It follows that 

7r5(M(Z/2", 3)) ^ 7^5^(M(Z/2^ 3)) ^ 7r^(5^) © n'^{S^) = Z/2 © Z/2. (4.3) 

Case II. ri = r2 = 1. In this case, similar to the above arguments, 

r5(X) = r5(EMp2 A RP2) = 7r5(SMp2 A RP=^). (4.4) 

We compute this homotopy group. Note that 

SMP2 A MP2 = sk4(X) U = {S^ V M(Z/2, 3) U e\ 

There is a cofibre sequence 

^4 _J_^ g4 y M(Z/2, 3) SMP2 A RP\ 

where the composite 

54 ^4 ^ M{Z/2, 3) ^ 

is of degree 2 because 

Sql : if5(SMp2 A MP^; Z/2) = Z/2 — ^ i74(SMP^ A MP^; Z/2) = Z/2 © Z/2 
is not zero, and the composite 

^4 ^4 y M{Z/2, 3) ^ M(Z/2, 3) 
is homotopic to the composite 

^4 g3 ^J_^ M(Z/2,3) 

because 7r4(M(Z/2, 3)) = Z/2 and 

Sql : H^{TMP'^ A MP^; Z/2) = Z/2 — > /73(ERp2 A RP^; Z/2) = Z/2 
is an isomorphism. Since 

r5(SMp2 A RP2) = 7r5(SRp2 A RP^), 
■ 7r5(^^ V M(Z/2, 3)) — > ii^iTMP'^ A RP^) 
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is an epimorphism. By applying the Hilton-Milnor Theorem, 

7r5(^^ VM(Z/2,3)) ^ 7r4(fi(5^ VM(Z/2,3))) 

^ 7T^{QS^ X Q{M{Z/2, 3)) X Q^{QS^ A QM{Z/2, 3))) 

= n^lnS^) © 7r4((](M(Z/2, 3))) 

= 7r5(54)©7r5(M(Z/2,3)) 

= Z/2©7r5(M(Z/2,3)). 

From [22l Proposition 5.1], 7r5(M(Z/2, 3)) = Z/4 generated by the homotopy class of any 
map (p: — > M(Z/2,3) such that the composite 

5^ ->M(Z/2,3) ^ 5^ 

is homotopic to r], the generator for vr5(5"^) = Z/2, and, for any such a choice of map (p, 
the element 2[0] is given by the homotopy class of the composite 

^5 — ^ M(Z/2, 3). 

From the fact that (7 o / ~ *, the composite 

T^5{S^) — 7r5(7r5(S^ V M(Z/2, 3))) — 7r5(EMp2 A MP^) 
is zero. Observe that 

f*{v) = 2ri+[j orior]] = 2[0]. 
Thus g^{2[(j)\) = and so 7r5(SMp2 A MP^) is a quotient group Z/2 © Z/2. On the other 
hand, from Theorem 12. 21 (2). there is short exact sequence 

Z/2 c — . r5(SMp2 A MP2) = 7r5(SMp2 A MP^) — Z/2. 

It follows that 7r5(SMp2 A MP^) = Z/2 © Z/2. The proof is finished. □ 

Let Len^(2^) = sk3(ir(Z/2^ 1)) be the 3-dimensional lens space. 

Lemma 4.5. Letri,r2 > 1. Let 

Xi = SM(Z/2'^i, 1) A M{Z/T\ 1), 
X2 = SLen^(2'^i) A Len^(2''2), 

X = i:k{z/t-\i) a k{zit\ i). 

Then there is a commutative diagram 

T,{X,) n,{X,) 



r5(X2) c ► 7r5(X2) Z/2'-i © Z/2^2 



He{X) r5(X) ► 7r5(X) — (z/2inWn,r2})e2^ 

where the rows are exact and the middle a splitting short exact sequence. 
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Proof. As in the proof in Lemma [44l s'^Hki^X) for A; < 6 has a basis 

{xiVj \i + j<Q, i,j > 1}. 

Thus 

sk4(X) C Xi C sk5(X) C X2 C sk7(X) 
and so the commutative diagram follows, where 

r5(Xi) = r5(X2) = r5(x) 

are given by Lemma [44l Since sk5(X) C X2, 7r5(X2) t^^^X) is onto. 

Now we show that the middle row in the diagram splits off. By taking the suspension, 
there is a commutative diagram of short exact sequences 

T,{X2) ^ 7r,{X2) ^^5(^2) 



r6(SX2) ^ 7r6(SX2) -^^ H,{X2), 

where the left column is an isomorphism because 

T5{X2) = 7r5(Xi) = 7r6(SXi) = 16(2X2). 

Thus 

vr5(X2) =7r6(SX2) (4.5) 

by the 5-Lemma. 

From Lemma Sm there is a map 

g: — > T?K{Z/2\l) 

inducing an isomorphism on ; Z/2). It follows that 

E2Len3(2'') = T?i^\i^{K{Z/2\ 1)) ~ 5^ V T?M{Z/2'', 1) (4.6) 

and so 

SX2 = S2Len3(2'"i) ALen3(2''2) 

~ (S^ VE2M(Z/2"S1)) ALen2(2"2) 

~ S5Len3(2''2) V S2Len^(2''2) AM(Z/2^\1) ^ ' 

~ 5^ V M(Z/2'^2^ 6) V M(Z/2''i, 6) V M(Z/2''2, 3) A M(Z/2^i, 1). 

Thus 

7r6(SX2) = Z/2'-i © Z/2"2 © r6(SX2) 
and hence the result. □ 

Theorem 4.2. Let r > 1. Then 

7V5{J:K{Z/r, 1)) = 7r5(Sir(Z/2", 1) A ir(Z/2", 1)) = Z/2 © Z/2" © Z/2". 
Proof. Let X = Sir(Z/2", 1) A ir(Z/2", 1). By Lemma[431 

n,{X) ^ Z/2" © Z/2" © Im(r5(X) ^ 7r5(X)). 

From Lemma r4. 41 

r5(x) = z/2®l 
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By Lemma [4.11 the composite 

7ie{X) Hq{X) = © Z/2'' ^ He{X- Z/2) 

is zero. Thus 

He{X) = © Z/2" — y T^iX) = Z/2 © Z/2 © Z/2 
detects two copies of Z/2-summands in r5(X). The proof is finished. □ 

4.4. The Group 7T5{EK{Z/2''\1) AK{Z/2''\ 1)) with n < ra. Our computation is given 
by analyzing the cell structure. Let basis for Hi{K{Z/2''\Z/2)) and let yi be a 

basis for ^i(ir(Z/2"2; Z/2)). Then 

s-^Hk{^K{Z/r\ 1) A i^(Z/2"^ 1), A; < 6, 

has a basis {xii/j \ i + j < 6}. From the assumption that ri < r2, the Steenrod operation 
and Bockstein are indicated by the following diagram 



k = 6 



X2y3 



ri 



k = 5 





(4.8) 



= 3 

where the dash arrows mean that the next Bockstein /J^j, which comes from H^{K{Z/2'^^ , 1)), 
does not actually happen in the Bockstein spectral sequence up to this range. 

Lemma 4.6. Let r2 > n > I and let X = ^K{Z/2'-\l) A K{Z/2''\1). Then the 
suspension 

E: TTsW ^ 7r6(SX) 

is an isomorphism. 

Proof. From formula (14. 5p together with the fact that 7r„_i(sk„(F)) = 7r„_i(F), 
7r5(sk6(SLen=^(2"^) A hen^{2J'^))) — > 7r6(sk7(SLen3(2"^) A Len'^{2J"'))). 
Notice that 

sk6(X) = sk6(SLen=^(2"i) A heir^^T')) U U 
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indicated by the elements xiy^ and X4I/1 in diagram (14.81) . Then there is a commutative 
diagram of right exact sequences 

vr5(55 V S') ^ 7r5(Z) 7r5(sk6(X)) 



vr6(56 V S^) ^ n.i^Z) 7r6(sk7(SX)), 



E 



Y is the attaching map for 

□ 



if ri = 1, rs = 2, 
if ri = 1, r2 > 3, 
Z/2^i+^ ?/ r2 > n > 1. 



where Z = sk6(SLen^(2"i) A Len^(2''2)) and f : V 
sk6(X). The assertion follows by the 5-lemma. 

Theorem 4,3. Let r2 > ri > 1. Then 

( Z/2 0Z/4 

7r5{J:K{Z/2^\ 1) A f^(Z/2"^ 1)) = <^ Z/2 © Z/8 

[ Z/2 ©Z/2' 

Proo/. From LemmaSSJ it suffices to compute 7Tq{J:'^K{Z/2''\1) AK{Z/2''\ 1)). Let X = 
sk7(E2i^(Z/2''S 1) A K{Z/2-'\ 1)). From splitting formula (l47D . 

sk7(S2Len3(2''i) ALen3(2''2)) ~ M(Z/2^% 6) V M(Z/2^\ 6) V M(Z/2'■^ 4) V M(Z/2^% 5). 

Let y = sk7(S2Len2(2^i) A Len^(2^2))_ xhen s-'^H^{Y-Z/2) has a basis listed in dia- 
gram (14.81) excluding the elements xiy^ and X4XI1. Let P'*(2^) = M(Z/2^,n— 1). The mod 
homology i/*(P"(2''); Z/2) has a basis mJ^.^ and fj^ with degrees = n — 1, t>^| = n 

and the Bockstein /3r(^0 = wJi-i- Since X = F U e'' U e^, there is a cofibre sequence 

Si V p\r') V p^(2"2) V p\r') v p6(2''^) ^ x si v 

where 

9*iul\vj^;uQ\vj''; ul\vl';ul\vl') = s'^ixiy^, X22/3; x^yi, X3I/2; X2?/i; Xi?/2, 3:22/2) 

for catching the corresponding elements in H^{X;Z/2). Here the map / is the attach- 
ing map with f\s<^,f\s^ corresponding to the homological classes s'^^x^yi) and s'^lxiy^), 
respectively. Namely, the induced boundary map q: X ^ Sf y Si has the homological 
property that : Hj{X; Z/2) Hj{Sl V Si) is given by 

(3:22/3) = (3:32/2) = 0, g* (s^ (0:42/1)) = 61, g* (s^ (0:12/4) ) = i2, 

where is the basis for H^lSj; Z/2). For j = 1, 2, let Xj be the homotopy cofibre of fj. 
Then there is a commutative diagram 



Sf V SI P\T-^) V P^(2''2) V P5(2^0 V P6(2 



X 



V si 



s^ 



P^(2''i) V P^(2''2) V P5(2^i) V P^(2 



(4.9) 



X, 



Statement 1. 6j^: H^,{Xj;Z/2) ^ H^,{X;Z/2) is a monomorphism. Moreover, 

lm{eu : Hr{Xi; Z/2) HjiX; Z/2)) 
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has the basis given by {s'^{x2y3), s'^{x3y2), s'^{x4^yi)} and 

Im(^^2* : Hj{X2; Z/2) ^ HjiX; Z/2)) 

has the basis given by {s^(x2y3), s^(x3?/2), ■s^(xiy4)}. Thus a basis for H^{Xj; Z/2) can be 
listed in diagram (i4.8[ ) by removing one element. The statement follows immediately by 
applying mod 2 homology to diagram (I4.9p . where the only simple computation is given 
by checking the image of 9j^. 

Statement 2. The composite 

/Is6 

is null homotopic for j = 1, 2. 

Consider the commutative diagram of cofibre sequences 

^6 1 p7(2n) V p7(2''2) V P5(2^i) V P6(2^i) ► Xj- 

proj. <5 
P\2'') Z. 

Then dim^,(Z; Z/2) = 3 and 5* : H^{Xj] Z/2) ^ H^{Z; Z/2) is onto. From diagram 
the Bockstein 

A: Hr{Z;Z/2)^He{Z;Z/2) 

is for t < ri with the first non-trivial Bockstein given by Pn coming from Pn (3^2^/3) = 
xiys in diagram (14 .Sp . Note that 7r6(P^(2''i)) = Z/2^i generated by the inclusion t: >• 
P^(2^i). Then the homotopy class 

for some k E Z. If A; = 1 mod 2, then dimif^,(Z; Z/2) = 1 which contradicts to that 
dim^,(Z;Z/2) = 3. Thus k must be divisible by 2. Let k = 2^k' with k' = 1 mod 2 
for some t > 1. If t < ri, then there is a nontrivial Bockstein jSt on H^,{Z;Z/2) which 
is impossible from the above. Hence t > ri and so [(pj] = in 7r6(P^(2''^)) = Z/2^'\ 
Statement 2 follows. 

Statement 3. The composite 

f\ 6 

^: ^6 p7(2ri) V p7(2'^2) V p5(2^'i) V P'^{2'') ^ P\2''') 
is null homotopic. 

Consider the commutative diagram of cofibre sequences 

Si p7(2^'i) V P^(2''2) V P5(2^i) V P6(2'^i) — ► Xi 

pproj. S 



SI 



W. 
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Then dimH^{W; Z/2) = 3 and 5* : H(^Xu Z/2) ^ H^W; Z/2) is onto. Moreover, H^iW; Z/2) 
has a basis given by 5*(s^(x4yi)). By Statement 1, a basis for if*(Xi;Z/2) is listed in 
diagram f l4.8p by removing Xiy4. The canonical projection 

p: P\2''') V P^(2''2) V P\2''') V P^(2'^^) — > P%2''') 

has the property that p^:{ul^) = u^^ , p*{vl^) = v^^ and = for x to the other 

elements in the basis for #,(P^(2^i) V P^(2^2) y p5(2^i) V p6(2'^i); Z/2). In particular, 
p^{vl') = 0. Note that 

SqXis'ixm)) = 5,iSqlis\xm))) 
= 5*(s^(x2?/i)) 

= 0. 

If follows that 

Sql: Hr{W;Z/2) ^ H,{W;Z/2) 
is zero. From the exact sequence 

7Te{S') = Z/2 ^ 7r6(^^) = Z/2 ^ 7r6(p6(2^i) ^ 7r5(^^) = Z ^ Z, 

we have 

7r6(P^(2"i)) = Z/2 (4.10) 

generated by the composite 

f]-. c — . p6(2^i). 

Thus the homotopy class = or 77. If [ip] = f], then Sq^: HriW; Z/2) ^ H^iW; Z/2) 
is not zero, which is impossible from the above. Hence [ip] = 0. This finishes the proof 
for Statement 3. 



Statement 4. There is a homotopy decomposition 

X ~ P^(2^'^) VTi VT2, 

where H^:{Ti;Z/2) and H^{T2; Z/2) have basis listed by the middle and the right modules 
in diagram lji4-6\ ), respectively. 

From Statements 2 and 3, the attaching map f\g6 maps into the subspace P'^{2J"^) V 
P^(2'^^) up to homotopy because, in the range of TTg, we have 

7r6(P'(2'^i)VP'(2''2)VP^(2^'^)VP^(2'^^)) = 7r6(P'(2^'^))©7r6(P'(2^'^))©7r6(P'(2''i))©7r6(P^(2'^^)). 
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Thus there is a homotopy commutative diagram of cofibre sequences 

n 



Sf 



To 



V SI — - P\T^) V P\2'^) V P^(2''i) V P6(2^i; 



+ 

X 



(4.11) 



proj. 



Sf 



r 



proj. 



P'^(2''2) V p5(2'^i; 



I 91 
I 

+ 

T2. 



From Statement 2, there is a homotopy commutative diagram of cofibre sequences 



Sf V SI — ^ P^(2''i) V P^(2'"2) V P5(2^i) V P6(2^ 



proj. 



I 92 
I 

+ 



P\2 



Now the composite 



{9\l 



is a homotopy equivalence by inspecting the homology and hence the statement. 
Computation of the Homotopy Group: From Statement 4, we have 

n,{X) - 7r6(P^(2^^) VTi VTs) = 7r6(P^(2^^)) © 7r6(Ti) © 7r6(T2) = (B ^T^) ® n.iT^). 

For computing 7r6(Ti), since Ti = P^(2''^) U e^, there is a right exact sequence 

■K,{S') = Z . MP%2'^)) = Z/2 -^^ 7i,{T,), 

where nQ{P^{2'''^)) = Z/2 is given in formula (14.101) . From diagram (14.61) . 

Sql. Hj{T,; Z/2) ^ H,{Ti; Z/2) 

is an isomorphism and so the attaching map S^ P^{2^^) of Ti is non-trivial. It follows 
that 7r6(Ti) = 0. 

Now we compute '7r6(T2). From diagram 14.111 there is a right exact sequence 



vr6(^^) = Z/ ^ 7r6(P^(2^'^) V P^(2'-^)) = 7r6(P^(2'"^)) © 7r6(P^(2'^^)) -^^ -K^iT^). 

Note that a basis for H^(T2) can be listed in the right module of diagram (14. 6p . The 
composite 



MS' 



7r6(P^(2'-^)) © 7r6(P^(2'-^)) ^ vr6(P^(2'-^)) = Z/2 



)r2 



is of degree 2*"^ because of the existence of the Bockstein Pn ■ Moveover the composite 



S 



6 /' 



P\2'^) V P%T'' 



5 fori 



proj. 



p5(2'^i 



pinch 



^5 



(4.12) 



is homotopic to r] because of the existence of the Steenrod operation Sq^. 
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Case I. ri = 1. According to [22], Proposition 5.1], 7r6(P^(2)) = Z/4 generated by the 
homotopy class of any may — > P^(2) such that the composite —>■ P^{2) —> is rj. 
It follows that there is a right exact sequence 

Z It^^ Z/r^ © z/4 -^^ 7r6(T2), 

where A: Z ^ Z/4 is an epimorphism. Thus 

/ Z/4 if r2 = 2, 
^6^^^) = \ Z/8 if r2 > 3. ^^-^2) 

Case II. ri > 1. From formula dJ] we have 7r6(P^(2^i)) = Z/2 © Z/2. Since the 
composite in (14.121) is essential, the composite 

^^^S') = Z ^ MP'C^"')) © ^6(P'(2^^)) ^ 7r6(P^(2'-^)) = Z/2 © Z/2 
is nontrivial and so there is right exact sequence 

Z Z/2"2 © (Z/2 © Z/2) -^^ TieiT^) 

with A: Z ^ Z/2 © Z/2 nontrivial. It follows that 

7r6(T2) = Z/2"i+^ © Z/2 for n > 1. (4.14) 
The proof is finished now. □ 

4.5. The Group 7r5(S^_ft'(Z/2^, 1)). We use the spectral sequence induced from Carls- 
son's construction for computing this group. Let A be an abelian group and 

a two-step flat resolution of A, i.e. Aq is a free abelian group. The diagram p. II) implies 
that there is a natural isomorphism 

7r4{^^K{A,l)) ~ A^A, 

where 

©^(A) = A^A := A IS) A/ (a b + b a, a,b e A). 
Given a free abelian group A, theorem l2.2l (2) implies the following natural exact sequence: 

T,{i:^K{A,l)) 7r5(S2ir(A,l)) ^ H,{E^KiA,l)) 



A©A©Z/2©A2(A) c 7i,{J:^K{A,1)) A\A) 
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The spectral sequence (12.91) for n = 2, gives the following diagram of exact sequences: 



A^A^Z/2®A\A) ^ 



TT.iE^KiA,!)) 



Li® {A) 



7ro(7r5(S2ir(iV-i(Ai -^Ao),!))) ' Ti,{pK{A,l)) t,^{'kJ:^K{N'\Ai^Ao), 



A\A) 

~ 2 

Consider the first derived functor of the functor . The short exact sequence 

LSP^{A) ^L®^ {A) L®\a) 
in the derived category has the following model: 



Ai®Ao 



Ai ® Ai c ^ (Ai ® Ao) © {Ao ® Ai) 



SP\Ai 



Ai®Ao 



SP\Ao 



Ao®Ao 



Ao®Ao 



(4.15) 



with 

62{ai A a[) = ai® S{a[) — a[ ® 6{ai) 
(5i(ai ® ao) = ao5{ai) 
52(0-1 ® a[) = {ai ® 6{a[), -a[ ® 6{ai)) 
6[{ai ® ao, a[ ® ag) = 6{ai) ® + 6{a[) ® 
62{aiai) = ai® S{a[) + a[ ® 6{ai) 
6'l{ai ® ao) = d{ai)®ao 

for ao,ao G Aq, ai,a'i G Ai. For n > 2, looking at the resolution Z Z of the cyclic 

^ 2 

group Z/n, we obtain the following representative of the element L® (Z/n) in the derived 
category: 

Z ^ Z A Z/2 
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In particular, 

Li®^(Z/2'=) = Z/2'=+\ k>l. (4.16) 

Here Li® denotes the first derived functor of (see \2.2\\ . 
We will use the following: 

Lemma 4.7. (Lemma 2.1 from [21]j Lei G^, &e a simplicial group and let n > 0. Suppose 
that 7ro(G*) acts trivially on 7r„(G'^,). Then the homotopy group '7r„(G*) is contained in the 
center of Gn/ BGn, where BGn is the nth simplicial boundary subgroup of Gn- Q 

Theorem 4.4. The homotopy group 

-=PW-l)) = {z/2-®Z/2 I rZi 
Proof. Case 1: r = 1. The natural epimorphism Z ^ Z/2 induces the homomorphisms 

iTn{S') = 7r„(S2ir(Z, 1)) ^ 7r„(S2ir(Z/2, 1)) = 7r„(S2MP-), n > 1. 
The diagram (14.151) together with (|4.16p implies the following short exact sequences: 

Z/2 — n,{S^) (4.17) 



Z/2 c ^ 7r5(S2MP°°) — ^ Z/4 

Consider this map simplicially, at the level of the natural map between the Carlsson 
constructions F(^2) ^ ^Z(^2) ^ irZ/2(52) . 



F{S'), F{S% p Z 

-l- -l- >L 

F^/2(52)^ ^ F^/2(52)^ J F^/2(S2)2 

Here F^/^(5'^)fc is the free product of (2) copies of Z/2. In particular 

F^/2(52)^ _ < 2 < J < 3| (s,s,(a))2 = 1) 

Using the description of the element (|2.7p , we see that the simplicial cycle which defines 
the image of 7r5(S'^) in 7r5(S^]RP°°) can be chosen of the form 

[[s2Si{a), s^So{a)], [s^s.^a), s^Soia)]] G F^/\S'), 

With the help of lemma [1771 we have 

[[s2Si(a),SiSo(cr)], [s2Si(cr),S2So(cr)]] = [[{s2Si{(r), SiSo{a)], {s2Si{a)s2So{a)Y] = 

[[s2Si{a), sM^)l is2S,ia), S2So{c7))f mod 6^/^(8''), 

since [[s2Si{a), SiSo{a)], S2Si{a)s2So{a)] is a cycle in F^/^(5'^). That is, the image of the 
element 7r5(5'^) is divisible by 2 in 7r5(E^MP°°). The diagram (14.17^ implies the result. 
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Case 2: r > 1. Now the diagram f l4.15p together with f l4.16p implies the following short 
exact sequence 

^ Z/2 ^ 'n5{T?K{Z/2\ 1)) Z/2''+^ (4.18) 

Therefore, r^^{T?K{Z/2\ 1)) is either or Z/2^+^ © Z/2. 

By theorem 12.21 (2), the Whitehead exact sequence for TF'K^A,!) has the following 
form: 

A®A®Z/2® k^{A) (4.19) 



HM) r5(S2K(Al)) T^^{T?K{A,l)) H,{A) 



Tor(A, Z/2) 
For A = Z/2^ it is of the following form: 

Z/2 



(4.20) 



^5(S2ir(Z/2^1)) c 7r5(S2ir(Z/2^1)) 



Z/2 



Z/2" 



The natural projection Z/2'^' ^ Z/2 induces the map 



Z/2 



^5(s2ir(z/2^ 1)) 



z/2 



Z/2 



r5(s2Rp= 



z/2 



(4.21) 



where the lower map is zero since the induced map Tor(Z/2", Z/2) Tor(Z/2,Z/2) 
is zero. The fact that 7r5(S^RP°°) = Z/8 together with diagram f l4.19p implies that 
r5(S2RP°°) = Z/4. Hence T5{T?K{Z/2\ 1)) = Z/2©Z/2, since there is no any endomor- 
phism Z/4 Z/4 with zero map on quotients Z/2 Z/2 (as in diagram f l4.2ip ). The dia- 
gram Km and exact sequence fl4T8D implies that ti.^{T?K{Z/'I\ 1)) = Z/2^+i©Z/2. □ 
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4.6. Applications. 

Proposition 4.7. The group T^{TMP^) = Z/2 © Z/2 © Z/2. 
Proof. Consider the Whitehead exact sequence 

7r6(SMP°°) — ^ if6(SMP°°) = Z/2 r5(SMP'^ 



7r5(SMP°°) = Z/2 © Z/2 H^i^RP^) = 0, 

where 7r5(SMP°°) = Z/2 © Z/2 by Theorem 14. II and the Hurewicz homomorphism 

is zero because, otherwise, it would induces a splitting of SMP^ which is impossible by 
inspecting the Steenrod operation on mod 2 homology. Thus the order of r5(SRP°°) is 
8. We have to determine the group r5(S]RP°°). By the definition, 

r5(EMP~) = Im(7r5(SRP=^) ^ 7r5(SRP^)). 

Thus the inclusion SRP'^ SRP°° induces an epimorphism 

r5(SRp3) — r5(SRP°°). 

Note that RP^ = 5*0 (3) and so, by the Hopf fibration, 

7r5(E50(3)) ^ n^{BSO{3))®7r5{ESO{3) AS0{3)) 
= 7r4(^0(3)) ©7r5(SRp3 ARP3) 
= Z/2 ©7r5(SRp3 ARP-'^). 



From Lemmas 14.41 and 14.51 

7r5(SRp3 ARP3) ^ r5(SRp3 ARP-'^) ©Z/2©Z/2 
^ 7r5(SRp2 ARP2) ©Z/2©Z/2 
^ Z/2 ©Z/2 ©Z/2 ©Z/2. 

It follows that its quotient r5(ERP°°) must be an elementary 2-group and so hence the 
result. □ 

Proposition 4.8. For the suspended projective spaces, 



7r5(ERP'^) 



Proof. When n = 1, TT^iS^) = Z/2 from Toda's table[l6|. When n = 2, 7r5(ERp2) = 
Z/2®^ is given in [22l Theorem 6.36]. When n = 3, 7r5(ERP^) has been computed in 
Proposition 321 For n > 4, since sk6(SRP°°) = SRP^ 

7r5(SRP") = 7r5(SRP°°) = Z/2 © Z/2 

by Theorem 14. 2[ The remaining case is 7r5(SRP'^). Let F be the homotopy fibre of 

the pinch map SRP^ ERPV^P^ = M(Z/2,6). By inspecting the Serre spectral 

sequence to the fibre sequence 

nM{Z/2, 6) F fiSRP^ 



' z/2 2 

Z/2®3 2 


f n = l, 


f n = 2, 


Z/2®5 ^ 


f n = 3, 


Z/2®3 2 


f n = A, 


Z/2®2 I 


f 3<n 
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the canonical injection j: SMP^ — > F induces an isomorphism on Hk{ ;Z/2) for k < 6 
and so 

J,: 7rfc(SMP") 7rfc(F) 
is an isomorphism for < 5. In particular, 7r5(SRP^) = ir^i^F). From the exact sequence 

7r5(nM(Z/2, 6)) = Z/2 n^^F) 7r5(EMP^) = Z/2 © Z/2, 

the group 7^5 (F) is of order at most 8 and so is 7r5(S]RP'*). From Proposition 14.71 

r5(SMP°°) = Im(7r5(SMP^) ^ 7r5(EMP^)) = Z/2®\ 
It follows that 7r5(SRp4) = Z/2®^ and hence the result. □ 
Proposition 4.9. n^i^Ki^s, 1)) ^ Z/2 © Z/2. 

Proof. This follows from the analysis of the map between the Whitehead exact sequences 
(12. 2p induced by the natural map Z/2 E3 : 



7r5(SRP° 



H.iJ:,) — - r5(sir(S3,i)) — - 7r5(si^(S3,i)) — - h,{j:,) 

Here the natural isomorphism r5(SRP°°) T^{T,K{T,3, 1)) follows from the diagram 



L2ri(Z/4 ^ z/2) 



r^(Z/4 z/2, z/2 ^ Z/4) 



PJSMP" 



L2ri(Z/4 -4. z/2) 



r^(Z/4 z/2, z/2 ^ Z/12) 



Lir2(Z/4 ^ z/2) 



r5(sir(S3,i)) 



Lir2(Z/4 ^ z/2) 



□ 



5. Relation to K-theory 



As we mentioned in the introduction, there is a natural relation between the problem 
considered and algebraic K-theory. Since the plus-construction K{G, 1) K{G, 1)^ is a 
homological equivalence, there is a natural weak homotopy equivalence 

j:k{g,i) s(ir(G,i)+) 

This defines the natural suspension map: 

nn{K{G, 1)+) 7r,+i(S(ir(G, 1)+)) = 7r„+i(Sir(G, 1)) 

for n> 1. 
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Given a group G and its maximal perfect normal subgroup P < G, one has natural 
isomorphism 7in{K{P, 1)+) ~ UniK^G, 1)"^), n > 2 since K{P, 1)+ is homotopy equivalent 
to the universal covering space of K{G, 1)+. 

For a perfect group G, the Whitehead exact sequences form the following commutative 
diagram: 

H,{G) T2iH2iG)) n,iK{G,l)+) H^{G) (5.1) 



H^{G) H2{G)(E)Z/2 7r4(Sir(G, 1)) H^iG) 

Here we will look at the applications of the following two classical constructions: 

1) Let i? be a ring and G = E{R), the group of elementary matrices. The group E{R) is 
perfect and the plus-construction K{E{R),1)~^ also denoted K{R), defines the algebraic 
K-theory of R: Kn{R) = Tin{K{E{R), 1)+), n>2. 

2) Let be the infinite permutation groups and is the infinite alternating sub- 
group. There is the following description of stable homotopy groups of spheres [T4] : 

vrf = 7r„(ir(Soo, 1)+) = 7r„(ir(Aoo, 1)+), n>2. (5.2) 
5.1. Let i? be a ring. In this case, one has the natural homomorphisms: 

Kn{R) ^ 7r„+i(SK(E(P), 1)), n>2. 
For n = 2, clearly one has the natural isomorphism: 

K2{R) ~ H2{E{R)) ^ 7rs{J:K{E{R), 1)). (5.3) 
It is shown in [l] that the map T2{K2{R)) K^{R) factors as 

T2{K2{R)) K2{R) ® Ki{Z) ^ Ks{R), 

where -k is the product in algebraic K-theory: -k : Ki{S) ® Kj{T) Ki^j{S ® T). Hence 
the diagram (15. ip has the following form: 

H^{E{R)) ^ r2{K2{R)) K,{R) H^iEiR)) (5.4) 



Hi{E{R)) K2{R)®Ki{Z) 7r4(SK(E(P),l)) H-i{E{R)) 

and the natural map 

K^{R)^Tx^{T.K{E{R),l)) (5.5) 

is an isomorphism. From equations (15.31) and (15.51) together with the fact that SL{Z) = 
E{Z), we have the following: 

Theorem 5.1. The natural homomorphism 

Kn{R)-^T^n+i{'^K{E{R),l)) 
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is an isomorphism for n = 2,3. In particular, 

7r3(SK(SL(Z), 1)) = K2{Z) = Z/2 and 

■Ki(T.K{SL{Z), 1)) = K^iZ) = Z/48. 

□ 

Remark 5.1. The isomorphism (15 .51) and Carlsson construction F^^^\S^) gives a way, 
for an element of K2,{R), to associate an element from F^^^^S"^)^ = E{R) * E{R) * E[R) 
(uniquely modulo BF'^^^\S^)): 



K,{R) ^ E{R) * E{R) * E{R) ffSfyf 



section 



E{R)*E{R)*E{R) 
SFS(fl)(5i)3 



It is interesting to represent in this way known elements from K^{R) for different rings. 
For = Z, X G SL{Z) = E{Z), denote by x^^\ x^'^\ x^^^ the correspondent elements in 
the free cube SL{Z) * SL{Z) * SL{Z). Take the following commuting elements of SL{Z): 



u 








^\ 













-1 





V -\ 





1 













^0 








The structure of the element (12 .Tp , diagram (I5.4p and well-known facts about structure 
oi K2{Ij) imply that, using the above notations, the element 

corresponds to the element of order 2 in K^(Z). It would be interesting to see an element 
of SL{Z) * SL(Z) * SL{Z) which corresponds to the generator of K^{Ij) = Z/48. □ 

Consider the case R = Z and n = 5. In this case, E{Z) = SL(Z) and we have the 
following commutative diagram with exact horizontal sequences: 

Z©(Z/2)2 (Z/2)3 Z/2 



H^SL{Z) Ti{K{Z)) Ki{Z) Z/2 c Z/4 



H,{SL{Z)) 



T,{EK{SL{Z),1)) 



7i,{EK{SL{Z),l)) 



Z/2 Z/2 
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(Z/2)2 c ^ (Z/2)3 Z/2 
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7r4(S/s:(5L(Z),l)) ® Z/2 c r5(Sir(5L(Z), 1)) Tor(7r3(S/s:(5L(Z)),l),Z/2) 

Z/2 c ^ (Z/2)2 ^ Z/2 

Simple analysis shows that the suspension map T4^{K{Z)) T^iTiK^SL^Z),!)) is an 
epimorphism and therefore we have the following theorem: 

Theorem 5.2. The Hurewicz homomorphism 

7r5(Sir(5L(Z), 1)) ^ Hi{SL{Z)) = Z/2 

is an isomorphism. □ 

Remark. Since i^4(Z) = 0, we see that the natural homomorphism 

is not an isomorphism. 

5.2. Here we will use (15. 2p for certain computations. 

Theorem 5.3. Let A4 be the 4-th alternating group. Then 7i4(T,K{A4^, 1)) = Z/4. 

Proof. First recall thatl 

HiiA^) = Z/3, 1^2(^4) = Z/2, H^iA^) = Z/6, H^^A^) = 
H2iA^) = Z/6, H,{A^) = Z/12, 713(^/^(^4, 1)) = Z/6 

Consider the Whitehead exact sequence for the space 2/^(^4, 1): 

T3{J:K{A4,1)) ^ ^ 7r4(EA'(A4, 1)) ^ ^^3(^4) ^ r2{Hi{A4)) ^ 7r3iEK{A4,l)) ^ H2iA4) 

z/6 ^ Z/3 ^ Z/6 Z/2 



These computations were done with the help of HAP-system. The authors thank Graham ElUs for 
these computations 
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Since R2{7T2^K{A4,1)) = i?2(Z/3) = 0, we have r3(Sir(A4, 1)) = Tl{Z/3 ^ Z/6). It 
follows from the definition of the functor that it is isomorphic to the pushout 



Z/3® (Z/3 0Z/2) 



Z/6 O (Z/3 © Z/2) 







r2(Z/3 ^ z/6) 



That is, r|(Z/3 ^ Z/6) = Z/2 and there is the following short exact sequence: 

Z/2 7i4i^K{A^, 1)) -> Z/2 ^ 0. 

We come to the extension problem: is it Z/2^ or Z/4? 

Consider the monomorphism ^4 ^ A^o and the map between corresponding Whitehead 
sequences: 



r,{EK{A^,i)) - 

which is 

Z/2 ^ 



7r4(Sir(A4,l)) 



7r4(Sir(Aoo,l)) 



ri(o ^ z/6) 



7r4(SK(A4,l)) 



tx^{i:k{a^,i)) 



z/6 



Z/12 



z/6 







(5.6) 



It is easy to see that 1^(0 ^ Z/6) = Z/2 and that r2(Z/3 ^ Z/6) ^ 1^(0 
an isomorphism. We obtain the following diagram: 

Z/2 c ^ 7r4(Sir(A4, 1)) ^ Z/2 



Z/6) is 
(5.7) 



Z/2 ^ 7r4(Sis:(Aoo, 1)) — ^ Z/12 



Now we use the isomorphism (15. 2p . Consider the suspension: 

K{A^, 1)+ ^ fiSK(Aoo, 1)+ ^ 9.^K{A^, 1) 
and the corresponding map between Whitehead sequences: 



Ha{A, 



r2(vrf) 



7r5 



^3(v4c 



i^4(Aoo) 



7rf®Z/2 7r4(Si^(Aoo, 1)) 



^^3(^00) 
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Since 



vrf = Z/24, Tii 



0, 



we conclude that the Whitehead sequence for K{Aao, l)"*" has the following form: 



Z/2 c ^ Z/4 



Z/24 



Z/12 



We conclude that the map 



7r4(Sir(Aoo, 1)) 



is an isomorphism and that the map 

H4A^)^Tl{0^Z/6) 
is the zero map. The diagram (j5.7l) has the following form: 



Z/2 



Z/2 



7r4(Sir(A4,l)) 



Z/24 



Z/2 



Z/12 



The result follows. 



□ 



[1 

[2: 
[3 
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